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ABSTRACT. Let AE:,? C Sn denote the set of permutations of [n] for
which the set of [ consecutive numbers {k,k+1,--- ,k+[—1} appears in
a set of consecutive positions. Under the uniformly probability measure

P, on S,, one has Pn(Al(;?) ~ nll!,l as n — oo. In one part of this

paper we consider the probability of clustering of consecutive numbers
under Mallows distributions P?, ¢ > 0. Because of a duality, it suffices
to consider ¢ € (0,1). We show that for ¢, = 1 — %, with ¢ > 0 and
a € (0,1), P;{(Al(:,?n) is on the order ﬁ, uniformly over all sequences
{kn}pZ1. Thus, letting Nl(") =yt lAm) denote the number of sets
of | consecutive numbers appearing in sets of consecutive positions, we

have
lim BN = {7 < S
e 0, if | > 1o,

We also consider the cases @« = 1 and a > 1. In the other part of the
paper we consider general p-shifted distributions, of which the Mallows
distribution is a particular case. We calculate explicitly the quantity
limy 00 lim inf,— 00 Pg(Al(j,?W) = limy, o limsup,,_, o P? (AET;C)W) in terms
of the p-distribution. When this quantity is positive, we say that super-
clustering occurs. In particular, super-clustering occurs for the Mallows

distribution with parameter ¢ # 1. We also give a new characterization

of p-shifted distributions.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let | > 2 be an integer. Let P, denote the uniform probability mea-
sure on the set S, of permutations of [n] := {1,--- ,n}, and denote a per-
mutation ¢ € S, by ¢ = g109---0,. The set of [ consecutive numbers
{k;k+1,--- /k+1— 1} C [n] appears in a set of consecutive positions in
the permutation if there exists an m such that {k,k+1,--- ,k+1—1} =
{OmsOm+1s " yOmii—1}. Let Al(:,? C S, denote the event that the set of [
consecutive numbers {k,k+1,--- /k+1— 1} appears in a set of consecutive

positions. It is immediate that for any 1 < k,m <n —1[+ 1, the probability
1(n—1)!

n!

that {k,k+1,--- k+1—1} ={om,0m+1,"** ,Om+ri—1} i equal to
Thus,

Nn—10 1

(L1 Pl = (= 1+ )= ~

as n — oo, for [ > 2.

Let Al(n) = UZ;%‘HAZ(,Z) denote the event that there exists a set of [

consecutive numbers appearing in a set of consecutive positions, and let

Nl(n) = Z’;iﬂ Ly denote the number of sets of I consecutive numbers
ik
appearing in sets of consecutive positions. Then
(n) _ o U(n —1)! [
(1.2)  E,N" =(n—-1+1) T~ oy a8 M 00, for 1 > 2.
Using the inequality
n—k+1 n—k+1
>0 PA) - Y Pl nAR) < PaAM) < 3T Pa(AR),
k=1 1<j<k<n—I+1 k=1

along with the fact that for j,k,m,r, with {j,7+1,--- ,7+1—1}N{k, k+
1.+ k+l—1} =0 and {m,m+1,--- ;m+l—-1}n{r,r+1,--- ;r+l—1} =0,

the probability that both {k,k+1,--+ ,k+1{—1} = {0m, Om+1, " s Omai—1}

and {]7]+ 17 Jj +1- 1} = {UT70T+17‘ o 70T+l*1} is equal to, W

it is easy to show that
!
~o

(1.3) Pa(A™) as n — oo, for | > 3.

It follows from (1.2) (or from (1.3)) that for [ > 3, the sequence {Nl(n) o0

n=1

)
n=1

converges to zero in probability. On the other hand, when [ = 2, {NV, l(n)
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converges in distribution to a Poisson random variable with parameter 2.
This result goes back over 75 years; see [8], [5].

In one of the two parts of this paper, we obtain results in the spirit of (1.1)
and (1.2) in the case that the uniform probability measure P, is replaced
by the Mallows measure P", with ¢, — 1 at various rates. The Mallows
measures Pyl are described below. The Mallows measure with ¢ = 1 is the
uniform measure.

For fixed ¢ # 1, it turns out that Pg(Al(;?) remains bounded away from 0
as n — oo, for all [. In the other part of this paper we consider so-called p-
shifted distributions P,S{pj}?i 2 on S,,, of which the Mallows measure Py is a
particular example. Here {p; 521, with p; >0, for all j, is a probability dis-
tribution on N: 3722, p; = 1. We calculate lim; o limy, oo Pé{pj};i 1)(Al(?z))
explicitly. This reveals a necessary and sufficient condition on the distribu-
tion {p; }j’il in order for the above limit to be positive. When this limit is
positive, we say that super-clustering occurs. In particular, super-clustering
occurs for the g-Mallows distributions for ¢ # 1. We also give a new charac-
terization of p-shifted measures, which may be of some independent interest.

We turn now to a description of the results of the part of the paper

concerning specifically the Mallows distributions.

The behavior of the probability of Ag;,? under Mallows distribu-
tions. For each ¢ > 0, the Mallows distribution with parameter ¢ is the
probability measure P on S,, defined by
qinv(a)
Zu(q)

where inv (o) is the number of inversions in o, and Z,,(q) is the normalization

(1.4) Pi(o) = L0 € S,

constant, given by

Z, = .
k=1
Thus, for g € (0,1), the distribution favors permutations with few inversions,
while for ¢ > 1, the distribution favors permutations with many inversions.

Of course, the case ¢ = 1 yields the uniform distribution. Recall that the

reverse of a permutation o = oy - - - 0y, is the permutation ¢*V := g, - - - 071.
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The Mallows distributions satisfy the following duality between ¢ > 1 and
q € (0,1):

1
Pl(c) = P (o), for ¢ > 0,0 € S, andn=1,2,---.

n

Since the set Al(;,? is invariant under reversal, for our study of clustering it
suffices to consider the case that ¢ € (0,1).

When ¢ — 0, the Mallows distribution P, converges weakly to the de-
generate distribution on the identity permutation, and of course the iden-
tity permutation belongs to Al(;z) for all £ and [. Because the smaller ¢
is, the more the distribution favors permutations with few inversions, and
as such, the smaller ¢ is, the more the distribution favors permutations
which are close to the identity permutation, it seems intuitive that the
smaller ¢ is, the more clustering there will be. However, whereas the struc-
ture of the Mallows distribution lends itself naturally to proving theorems
concerning the inversion statistic [6], it is less transparent how to exploit
that structure with regard to this clustering statistic. For example, the set
Al(:,? is the disjoint union of the n — 1 + 1 sets {k,k+1,--- ,k+1—1} =
{OmsOm+t1s-* yOmai—1}, m=1,--- n—1+ 1. In the case of the uniform
distribution, these n — [ + 1 sets all have the same probability. However, in
the case of P, g € (0,1), we expect that for certain m, these sets will have
probability less than what they have under the uniform distribution, and for
other m these sets will have probability greater than what they have under
the uniform distribution.

For results concerning the behavior under a Mallows distribution of other
permutation statistics, such as cycle counts and increasing subsequences, see
[1], [2] and [3].

Our first theorem gives asymptotic results in the case that ¢ = ¢, = 1—-%
with ¢ > 0 and « € (0, 1). We use the notation a,, < b, as n — oo to indicate

that limsup,, ., %= < 1.

n
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Theorem 1. Let Az(-?;g) C S, denote the event that the set of | consecutive
numbers {k,k+1,---  k+1—1} appears in a set of | consecutive positions.
Let g =1— .5, withc >0 and o € (0,1). Then

(1=1)1)? -1 L m
(21)! ne(-=1) S By (Al; n) N

l1l|
a(l-1)’

(1.5) % ¢

for any choice of {kn}72 1, and the asymptotics are uniform over all {kn}72 4

If k,, satisfies min(knn—kn) _ oo, then (1.5) holds with an improved upper

bound:
2
(-1 ' (n) Yo ety <M
(1.6) Gl palD S PIn(A kn> (/0 ' e dac) D)
Recall that Nl(n) = Z;iﬂ L, denotes the number of sets of [ consec-
Lk

utive numbers appearing in sets of consecutive positions. Theorem 1 yields

the following corollary.

Corollary 1. Let g, = 1 — ;5 with ¢ > 0 and a € (0,1), Then there exist
constants C’l(_), Cl(+) > 0 such that

Cl(*)nl—(l—l)a < Egan(n) < Cl(+)n1_(l_1)a.
In particular,

l< 1+a

o) _ )OO Y

B TR
O, Zfl>7

Remark 1. For 7 € 5, let A( n) ok C Al( k) denote the event that the set of
[ consecutive numbers {k,k + 1,--- ,k +1 — 1} C [n] appears in a set of
consecutive positions in the permutation and also that the relative positions
of these consecutive numbers correspond to the permutation 7. That is,
{k,k+1,--- Jk+I—1} = {om,Om+1," " , Om+i—1}, for some m, and op4i—1—
(k—1)=m, i=1,---,1. Then Al(j? = UTGSzAl(,T;);k' Small changes in the
proof of Theorem 1, which we leave to the reader, show that (1.5) and (1.6)
hold with Pf{”(A(n) ) replaced by Pq”(Al(i) ), ) and with [! deleted from the
numerator in the upper and lower bounds, for all 7 € S;. In particular, if

T = id, then Al(i)kn is the event that the numbers {k,--- ,k+1— 1} form an
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increasing Tun in the permutation, and if 7 satisfies 7'V = id, then Al(nT) .
is the event that the numbers {k,--- ,k + 1 — 1} form a decreasing run in

the permutation.

(BN

Remark 2. Let K(_)(l) = W and K(H (1) = fl 2! =le= (=12 4y denote

the coefficients of a(l 1) on the left and right hand sides respectively of (1.6).
We have K(2)(1) ~ /7 1~ 347V as | — co. One can show that

1 1—1)! -1 (- 1y
K :/ I=1,—(-1z :( 1 _ e—(-1) =1
(1) ; ' e dx (—1) ( e ;:0 z'! )

Thus, K (1) < l 1)' ~\2me I"2e” !, as | — oco. On the other hand, a
rudimentary asymptotlc analysis we performed on the interval [l_—l —1 _% 1]
vields K(V) (1) > ez I"2e~!, as | — co. We have K(7)(2) = L ~0.083 and
K®(2)=1-2~0.281.

Now we consider the cases ¢ =¢, =1— - andg=¢, =1 — o(%).

Theorem 2. Let Al(,r;c) C Sy denote the event that the set of | consecutive
numbers {k,k+1,--- ,k+1— 1} appears in a set of | consecutive positions.

i. Let g =1 — £, with ¢ > 0. Let ky, ~ dn with d € (0,1). Then

1 - -1
A () 1 1-1(log = “Dyecd=1yy v €
(L7) PI(Ag,) S (1_€—cd)l(/ecdy . ")

. Let g, =1 — 0( ) < 1. Then for any choice of {k,}5°,
l!

(18) Pin(AG) S

Remark. In part (i), we expect that the asymptotic behavior of Pi" (Al( k) ),
when k,, ~ dn, is in fact independent of d € (0,1). We note for all d €

1—e= ¢\ o4 _
0,1), the expression ——— l_cd 1-1gl08 === Jesilt Dev g =1, which
p (1—e—cd)l \ Je Y Y

multiplies % on the right hand side of (1.7), converges to 1 when ¢ — 0,
thus matching up with (1.8). In the case of the uniform distribution (¢ = 1),
we have from (1.1) that PI(A(,n)) ~ ”_1, for any choice of k,. Since

we expect Pq(A( n) ) to be decreasing in g, we expect that the asymptotic
inequality in (1.8) is an asymptotic equality. That is, asymptotically, we
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(n)
!

expect that the cluster event A;;’ cannot be used to distinguish between

Pl and P, if ¢, =1 —o(2).

The following duality will be useful in the proofs of the above theorems.

Its short proof is given at the end of this section.

Proposition 1.
(1.9) PIAI) = PUATY o ) k=12 n—1+1.

We now turn to a description of the results of the other part of the paper,

concerning p-shifted random permutations.

p-shifted distributions and super-clustering. Denote by S, the set of
permutations of N. We build random permutations in S, and then project
them down in a natural way to S,. Let p := {p;}32; be a probability
distribution on N whose support is all of N; that is, p; > 0, for all j € N. Take
a countably infinite sequence of independent samples from this distribution:
ni,Nn9, . Now construct a random permutation IT € S, as follows. Let
I1; = n; and then for k > 2, let Il = 1, (ny), where 1)y is the increasing
bijection from N to N — {II;,--- ,II;_1}. Thus, for example, if the sequence
of samples {nj}?i1 begins with 7,3,4,3,7,2,1, then the construction yields
the permutation II beginning with II; = 7,1l = 3,13 = 5,1l = 4,115 =
11,1 = 2,1I; = 1. The probability measure P{Pi}=1) on S is then the
distribution of this random permutation II. We call PUPIIZ) the p-shifted
distribution and Il a p-shifted random permutation on S.

For o € Sy, write 0 = 0109---. For n € N, define proj,,(c) € S, to be
the permutation obtained from ¢ by deleting o; for all ¢ satisfying o; > n.
Thus, for n = 4 and o = 2539461 - - -, one has proj,(c) = 2341. Given the
p-shifted random permutation II € S, that was constructed in the previous

({pi}52y)

paragraph, define P, as the distribution of the random permutation

proj,, (IT). Equivalently, given the probability measure PUPYZ10) on S de-

fined in the previous paragraph, define the probability measure Pé{pj W20 on

Su by By () = PP (proji (o), o € Sy. We call PP

p-shifted distribution on S, and proj,, (II) a p-shifted random permutation
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on S,. We note that in the case that p; = (1 —¢)¢’ ', where q € (0, 1), the
measure Pé{pj 1520 i the Mallows distribution on S,, with parameter ¢; see

(7], [4].

Remark. We assume in this paper that p; > 0, for all j. In fact, the p-
shifted random permutation can be constructed as long as p; > 0, with no
positivity requirement on p;,j > 2. The positivity requirement for all j

ensures that for all n, the support of the p-shifted measure P, is all of .S,,.

It is known [7] that a random permutation under the p-shifted distri-
bution PP g strictly regenerative, where our definition of strictly
regenerative is as follows. For a permutation m = ma1mg42 - Tapm, Of
{a+1,a+2,--- ,a+ m}, define red(n), the reduced permutation of 7, to
be the permutation in S,, given by red(m); = 744 — m. We will call a ran-
dom permutation II of S, strictly regenerative if almost surely there exist
0=To<Ti <Ty<--- such that II([T}]) = [T}], 7 > 1, and II([m]) # [m]
if m & {11, T5,---}, and such that the random variables {7}, — Tj,—1}72, are
11D and the random permutations {red(Il|;7;)—(7,_,1) }3=; are IID. The num-
bers {T},}°_; are called the renewal or regeneration numbers. Our definition
of strictly regenerative differs slightly from that in [7].

Let u, denote the probability that the p-shifted random permutation II
has a renewal at the number n; that is, u, = PEPIHZ(II([n]) = [n]). It

follows easily from the construction of the random permutation that

(1.10) wn =[O ) =TI = > m).
j=1 i=1 j=1 i=j+1

See [7]. Thus, u, > 0, for all n. (Note that this positivity, and the conse-
quent aperiodicity of the renewal mechanism, does not require the positivity
of all p;, but only of p;.)

The strictly regenerative distribution PUPiIZ) is called positive recurrent
if 77 has finite expectation: EWpi=) Ty < oo. From standard renewal

theory, it follows that

1.11 li = 71
(1.11) oo T eI
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Since Y22, > 21 Pi = Do jPj+1, it follows from (1.10) and (1.11) that

[e.e]
(1.12) PPl g positive recurrent if and only if Z Npp < 00.

n=1

We now state our theorem concerning super-clustering.

Theorem 3. Let Al(l) C S, denote the event that the set of | consecutive
numbers {k,k+1,--- ,k+Il—1} appears in a set of | consecutive positions. Let
{pn}se, be a probability distribution on N with p; > 0, for all j € N. Also

assume that the sequence {p,}°°, is non-increasing. Then for all k € N,

k=1 J

0o Jj
(1.13) llggonh_)rgoP({p]}J v A(n) = HZpZ HZpZ)

j=1i=1 j=11i=1

Also, if limy,_,oo min(k,,n — k,,) = 0o, then

(1.14)

ne

100 < J
é{pa}]:ﬂ( lzn) _ (HZM)Q

lim lim inf P({p]}J 1)(Al( k) ) = lim limsup P,
j=1i=1

l—o0 nm—oo =00 n—oo

In particular, the limits in (1.13) and (1.14) are positive if and only if
Yool mpn < 00, or equivalently, if and only if the p-shifted random per-

mutation s positive recurrent.

Remark. If one removes the requirement that the sequence {pj 2, be non-

increasing, then it follows immediately from the proof of the theorem that

l—o0 nm—oo

k=1 g oo J
{ps}521)
1 J=
Jim lim P, > (JI > p) (11> »)
Jj=11i=1 Jj=111=1
and
0 j
lim limian({p]}J 1)(A§7;€)n ) > HZ

Thus, for this more general case, the finiteness of 7 | np, is a sufficient

condition for super-clustering.

Consider Theorem 3 in the case of the Mallows distribution P! with pa-
rameter ¢ € (0,1); that is, the case p; = (1 — )¢’ !, From (1.9), (1.13) and
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(1.14), we have

lim lim Pq(Al( k)) = lim lim Pq(Al( n)+2 i) =

l—00 N—00 =00 n—00

n—o0

k—1 o
(1.15) (H(l - qj))(H(l - qj)), for all k € N;
) = b
lim lim PI(A H 1f lim min(k,,n — k) = co.

l—00 n—00

At the end of this section we prove the following easy asymptotic result.
Proposition 2.

2

oo
(1.16) H (1—¢')~e 00, asq— 1.

Proposition 2 and (1.15) yield the following corollary.

Corollary 2. If lim,,_,o min(k,,n — k,) = oo, then

2

(1.17) lim lim Pq(A(k) ) ~ 6_3&*‘1)7 as q — 1.
l—o00 n—00 e
Remark. In particular, if ¢, = 1 — =5, then (1.17) gives

2

lim lim P A(,n) ~m~ 3¢, as m — 00.
I;k ’
l—00 N—00 o

In [6] we showed that under the p-shifted probability measure P({pj 5= 1),

the random variables {I<J} °, are independent, and that 1 + I is dis-

tributed as {p;}52,, truncated at k:

j:l’

PP =iy = LY fori= 0, k=1, and k=2,3,---

j=1Pj
The statistics {I<1}32, are called the backward ranks. As is well-known, a
permutation is uniquely determined by its backward ranks. This leads to
an alternative way to construct a p-shifted random permutation in S,, or in
S. Let X be a random variable on Z1 whose distribution is characterized

by 1+ X having the distribution {p;}32,; that is,
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Let {X,,}>2 5 be a sequence of independent random variables with the dis-
tribution of X, being the distribution of X truncated at n — 1:

(1.19) P(Xy=i)=—2*L i =0,1,---n—L
Zj:lpj

To construct a p-shifted random permutation in S;,, set the number 1 down
on a horizontal line. Now inductively, if the numbers {1,---,5 — 1} have
already been placed down on the line, where 2 < j < n, then sample from
X independently of everything that has already occurred, and place the
number j on the line in the position for which there are X; numbers to
its right. Thus, for example, to create a p-shifted random permutation in
Sy, if X9, X3, X4 have been sampled independently as Xo = 1, X3 = 2 and
X, =0, then we obtain the permutation 3214. To obtain a p-shifted random
permutation in S, one just continues the above scenario indefinitely. This
alternative construction will be exploited for most of the proofs in this paper.

Since EX =377 jpj+1, it follows from (1.12) that the p-shifted random
permutation is positive recurrent if and only if FX < oco. Note that for the
random permutation on S, or S, created in the previous paragraph, one
has X; = I; for all appropriate j. The total number of inversions in a
permutation o € Sy, is given by Z,(c) := Y i_y I<j(0). It follows from the
construction in the above paragraph that the inversion statistic Z,, satisfies

the following weak law of large numbers as n — oo:

(1.20)

Zn ({ps}32) . s O

— under P, converges in probability to EX = Z npp+1 € (0, 00].
n

n=1

Remark 1. In light of (1.20), Theorem 3 shows that super-clustering occurs
if and only if the total inversion statistic Z,, has linear rather than super-

linear growth.

Remark 2. If X() and X satisfy (1.18) with {p;}32, replaced respectively
by distinct {pg.l)}j:1 and {p§.2) 221, and if X (1) stochastically dominates
X@) | that is, E;’inpgl) > >, §-2), for all n € N, then it follows from
(1.13) and (1.14) that the probability of super-clustering for the p(®)-shifted
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random permutation is greater than for the p(")-shifted random permutation.
This gives an explicit quantification of the inverse correlation between the

tendency for inversion and the tendency for super-clustering.

The considerations in this part of the paper lead naturally to the following
characterization of the class of positive recurrent p-shifted distributions,

which might be of some independent interest.

Proposition 3. The class of p-shifted distributions, as p runs over all prob-
ability distributions {Pj}?; whose supports are all of N, and that satisfy
oo npn < 00, coincides with the class of probability distributions P on
Seo that satisfy the following three conditions:

i. The backward ranks {I<j};-’°;2 are independent under P;

i1. A random permutation under P is strictly regenerative with a positive re-
current renewal mechanism, and the probability uy of renewal at the number
1 18 positive;

iii. For all n € N, the support of P,(:) := P(proj;l(-)) is all of Sy.

Remark. The proof of the proposition also shows that if one removes the
requirement that the support of the distribution p is all of N, and only
requires that p; > 0 (which in any case is necessary in order to implement
the p-shifted construction), then the proposition holds with property (iii)
deleted.

We conclude this section with the proofs of Propositions 1 and 2.

Proof of Proposition 1. We defined above the reverse ¢™V of a permutation

com com __

o € S,. The complement of o is the permutation o satisfying of™ =

rev-

n+1—o;, i =1,---,n. Let ¢" ™ denote the permutation obtained by

applying reversal and then complementation to o (or equivalently, applying

complentation and then reversal). Since o[V ™ < ¢%®V"™ if and only
Onti—j < Opti—i, it follows that o and o"™¥"°™ have the same number of
inversions, and thus, from the definition of the Mallows distribution in (1.4),
Pl({o}) = Pl({c™™}). Using this along with the fact that o € Az(fZ;) if

and only if g'eVcom ¢ Al(?73+27k71 proves (1.9). O
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Proof of Proposition 2. We have
(1.21) log [T(1 — /) = > log(1 — &),
j=1 J=1
and
(1.22) / log(1 — ¢*)dx < Zlog (1—¢) / log(1 — ¢%)dx.
1

Making the change of variables y = ¢* gives

> 1 (7 log(l—
/ log(1 — ¢")dx = — / og(1 =) dy ~
a 0

lo
(1.23) A 84 Y
(/ Mdy), as ¢ — 1, for a > 0.
l—q Y
11 2 .
However, [ Og fo (>0, )dy——zn 1n = —%. Using
this with (1.21)-(1.23), we obtain (1.16), proving the proposition. O

The alternative construction of p-shifted random permutations will be
used for both the upper and lower bound calculations in the proof of Theo-
rem 3. The same type of upper bound calculations, specialized to the case
of a Mallows distribution, will also be used in the proofs of Theorems 1 and
2. On the other hand, the original p-shifted construction, specialized to the
case of a Mallows distribution, will be used for the lower bound calculations
in the proof of Theorem 1. In light of this, it will be convenient to begin
with the proof of Theorem 3, which is given in section 2. The proofs of
Theorems 1 and 2 are given in sections 3 and 4 respectively, and the proof

of Proposition 3 is given in section 5.

2. PROOF OF THEOREM 3

We note that the final statement of the theorem is almost immediate.
Indeed, Zle pi=1- Z;’)ij+1 p; and Z]Oi1 (Z;‘)ij-i-l pz’) = Z;i1 JDj+1-

We now turn to the proofs of (1.13) and (1.14). We use the alternative
method for constructing the p-shifted random permutation, as described

after (1.18). Thus, we consider a sequence of independent random variables
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{Xn}52,, with X, distributed as in (1.19). For the proof, we will use the

notation
n
(2.1) Ny=> pi=P(X<n-1), neN, and Ny=0,
i=1
where X is as in (1.18). Note that N,, is the normalization constant on
the right hand side of (1.19). Although qu{pj}jzl) denotes the p-shifted

probability measure on .S,,, we will also use this notation for probabilities of
events related to the random variables {X;}7_,. However, probabilities of
events related to X will still be denoted by P.

We begin with the proof of (1.13). Fix k € N. Consider the event, which
we denote by By, that after the first £ 41 — 1 positive integers have been
placed down on the horizontal line, the set of [ numbers {k, k+1,--- ,k+I—1}
appear in a set of [ consecutive positions. Then By, = Us;éBl;k;a, where the
events {Bl;k;a}s;é are disjoint, with By, being the event that the set of [
numbers {k,k +1,--- ;k+ 1 — 1} appear in a set of [ consecutive positions
and also that exactly a of the numbers in [k — 1] are to the right of this set.
We calculate P,g{pj};?il)(Bl;k;a).

Suppose that we have already placed down on the horizontal line the num-
bers in [k — 1]. Their relative positions are irrelevant for our considerations.
Now we use X}, to insert on the line the number k. Suppose that X = a,
a €{0,---,k—1}. Then the number k is inserted on the line in the position
for which a of the numbers in [k — 1] are to its right. Now in order for
k + 1 to be placed in a position adjacent to k, we need X1 € {a,a + 1}.
(If Xx11 = a, then k + 1 will appear directly to the right of k, while if
Xky1 = a+ 1, then k + 1 will appear directly to the left of k.) If this
occurs, then {k,k 4 1} are adjacent, and a of the numbers in [k — 1] are
to the right of {k,k + 1}. Continuing in this vein, for i € {1,--- 1 — 2},
given that the numbers {k,--- ,k+ i} are adjacent to one another, and a of
the numbers in [k — 1] appear to the right of {k,--- ,k + ¢}, then in order
for k+ i+ 1 to be placed so that {k,--- ,k + i+ 1} are all adjacent to one
another (with a of the numbers in [k — 1] appearing to the right of these
numbers), we need Xgi;,41 € {a,---,a+ i+ 1}. We conclude then that
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PYPYE) (Bua) =TT PP (X0 € fa,-+ ya + j}). Using (1.19),
we have
(2.2)
({p)22) T e} = Natja1 = N
Py (Bua) = [T P77 (K € {ay oty = [ = —
ry - k+j
J J
We now consider the conditional probability, P, ({pj 1= 1)(Al(,7,?|Bl;k;a), that

is, the probability, given that By, has occurred, that the numbers k +
l,--+,n are inserted in such a way so as to preserve the mutual adjacency
of the numbers in the set {k,--- ,k+1—1}. We will obtain lower and upper
bounds on this conditional probability. However, first we note that it is clear
from the construction that P,(L{pj W= 1)(
(riki= 1)(Bl;k;a) is independent of n, it follows that P,E{pj}?i 1)(Al(;,?)

since P,

. . . (pi}521), 1 (n)

is decreasing in n. Consequently lim, o, Py (A ) exists.
({pi¥;) (

Al(,T,?\Bl;k;a) is decreasing in n. Thus,

We now turn to a lower bound on P, Al(:,? | Bik:q). Our lower bound

will be the probability of the event that all of the remaining numbers are

inserted to the right of the set {k,---,k+ 1 — 1}. This event is given by
n T X114 < a+ j}. Thus, we have

(2.3)
n—k—l
{pits2 n i}521) n—k— . Na j
P AR Bya) = P Q0 Xy < agh) = T 2
i=o Ve

(2.2) and (2.3) yield

Al(;ri? ‘Bl;k;a%

({ R N, "Ry
Pi}5ey) a+j+1 a+j+1
2.4 = _— —).
(2.4) Z =, 0 5
j= Jj=
We have []7Z, fl Dotjer . NowiwNetiol - {Jging this along with the fact

Neti4j Np—k—ttat2-Nn
that lim,,—oo NV,, = 1 and the fact that the limit on the left hand side of
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(2.4) exists, we have

tim P (af) > 37 (T Pt = e (] ) =
05 e a=0 ;=0 kti i=at1
(2:5) k-1 1—1 k—1
(TT(Varssr — Na))( Ni).
a=0 j5=0 1=a+1

We now let | — oo in (2.5). We only consider the term in the summation
with a = 0, because it turns out that the terms with a > 1 converge to 0 as

| — oco. We obtain

(2.6) , .

li li P({pj};il) A(n) > k_lN, - N.) = < . T .

i i A > () (%) = (T e (TSm0
j=1 7=1 7j=11i=1 j=11i=1

Note that by the assumption that {p,}>2, is non-increasing, it follows
that P(X ¢ {j + 1,---,j + 1 — 1}) is increasing in j. Also, note that
PX ¢ {j+ 1 j+1-1) > BP0 g (41 G+ 1-1),
for j +1 < m. These facts will be used as we turn now to an upper bound

n P,g{pj};i 1)(A§:;€)]Bl;k;a), the conditional probability given By.., that the
numbers k+1,--- ,n are inserted in such a way so as to preserve the mutual
adjacency of the set {k,--- ,k+ 11— 1}. First the number k + [ is inserted.
The probability that its insertion preserves the mutual adjacency property
of the set {k,--- k+1—1}is PPV = (X0 @ fa+ 1, a4+ 1 — 1)),
which is less than P(X ¢ {a + 1,--- ,a+ 1 —1}). If the insertion of k¥ + [
preserves the mutual adjacency, then either Xy,; € {0,--- ,a} or Xj4; €
{a+1,--- k+1—1}. If Xpyy € {0,---,a}, then in order for the mutually
adjacency to be preserved when the number k + [ + 1 is inserted, one needs
{ X141 & {a+2,--- ;a+1}}, while if X;4; € {a+1,--- ,k-+1—1}, then one
needs {Xji141 € {a+1,--,a+1—1}}. The probability of either of these
events is less than P(X ¢ {a+2,--- ,a+1}). Thus, an upper bound for the
conditional probability given By.j., that the insertion of k41 and k+1+1
preserves the mutual adjacency is P(X & {a+1,---,a+1—1})P(X ¢
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{a+2,--- ,a+1}). Continuing in this vein, we conclude that
(2.7)

. n—k—I+1

Pé{pj}jzl)(Al<ZZ>|Bl;k;a) < [] Px¢fatij--,a+j+i-2})=
=1

n—k—I[+1

IT (0= Najria + Nayy).
j=1

From (2.2) and (2.7), we have

(2.8)
k=1 -1 —k—
({ }oo: ) n Na
P P (Al(;k)) < (H% H Naj+i— 1+Na+3))
a=0 ;=0 J j=1

Letting n — oo and using the fact that the limit on the left hand side exists,

we have
(2.9)
({ ) k— - 1 00
- ps} i+l —
Jim P o Z H e j H Natjti-1+ Nay;)).
Natj41—Na .
For a € {1,--- ,k — 1}, we have T <1— N, € (0,1), for all j > 0.

Therefore, when letting [ — oo in (2.9), a contribution will come from the

right hand side only when a = 0. We obtain

(2.10)
(pi}521) , ((n) = Nj+1 O
llir&nh—glop " (A ) = llirgo (j: NkJrj)(jl;[l(l _Nj-i-l—l +Nj)) =
k— k-1 j
(I HN (T w)
j=1 j=11i=1 j=11i=1

Now (1.13) follows from (2.6) and (2.10).

We now turn to the proof of (1.14). As with the proof of (1.13), the term
with @ = 0 will dominate. Thus, for the lower bound, using (2.2) and (2.3)
with & = k,, and ignoring the terms with a > 1, we have

(2.11) PRI (4

V
—
=
i
=
=
i
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Letting n — oo in (2.11) and using the assumption that lim, o min(k,,n—

kp) = o0, it follows that

1 00
({ps}32 n
hmlan EEY Al(kn H HN
=1 =1

Now letting [ — oo gives

00 oo J
(212) i liminf P70 4f)) H ~ (T[> »)~

—00 N—00 -
j=11i=1

For the upper bound, let & = k, in (2.8). The second factor in the

1 Naypji1—Na o :
summand (Hé:%) ﬁ) ( H?:f " (1~ Ny jy1-1+Natj)) is less than

1, while the first factor in the summand satisfies

-1
H Na+j+1 — Na < Na+1 — N, _ Pa+1 < Pa+1

o Newi T Nk, Nk, = p1
for a € {0,--- ,k, — 1} and n > 1. Since > .2, % < 00, the dominated

convergence theorem and the assumption that lim,, o, min(k,,n—k,) = co
allow us to conclude upon letting n — oo in (2.8) with k£ = &, that
(2.13)

" oo I-1 00

. Pitsey)

lim supP j l kn H a+]+1_ H a+]+l 1+Na+j))
n—00 a=0 j=0 =1

For a > 1, we have Nyyj+1 — N4 € (0,1 —p1). Consequently, when letting
[ — oo in (2.13), a contribution will come from the right hand side only
when a = 0. We obtain

9] o J
(2.14) lim lim sup P({p]}J 1) lkn H HZM)%

Now (1.14) follows from (2.12) and (2.14). O

3. PROOF OF THEOREM 1

We will prove (1.5) and (1.6) in tandem. Note that the lower bounds
in (1.5) and (1.6) are the same; only the upper bounds differ. Recall that
(1.6) is stated to hold under the assumption W = o0, while (1.5)

is stated to hold with no assumption on {ky}>° ;. Thus, we need to prove
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the common lower bound in (1.5) and (1.6), as well as the upper bound in

(1.5), with no assumption on {ky,}°

1, while we need to prove the upper

bound in (1.6) under the above noted assumption on {k,}° ;. In fact, for

our proofs, we will always need to assume that
(3.1) lim — = oc.

What allows us to make this assumption is Proposition 1. Thus, in the
sequel we will always assume that (3.1) holds.

For the upper bound, we follow the same construction used in the upper
bound in Theorem 3. We start from (2.8) with k& and ¢ replaced by k,
and g,. Since the Mallows distribution with parameter g, is the p-shifted
distribution with p; = (1 — @)gh !, it follows from (2.1) that for the case

at hand,

b

(3.2) Ny=Y (1—qn)gy ' =1—q.
=1

Substituting (3.2) in (2.8), we obtain

gL kel nkaidl

o P <[00 DL | O e

=01~ j=1
We have
c bc
(3.4) 1—qn—1—(1—n—a)b~n—a,forb€N,
and
R C . _c(kn+g)
(3.5) 1—gh™=1-(1- nfa)’fnﬂ >1—e  no

From (3.4) and (3.5) along with the assumption on g, and the assumption
(3.1) on ky, the term multiplying the summation in (3.3) satisfies

Si-gt nd
=0 1 —qn n

Using (3.4), the summation in (3.3) satisfies

(3.7)
kn—1  n—kp—I+1 kn—1  n—kp—I+1 i) 1)

o T e+~ Y I (")
a=0

j=1 a=0 j=1
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We split up the continuation of the proof of the upper bound between
the case that no assumption is made on k, (accept for (3.1), as explained

above), in which case we need to prove the upper bound in (1.5), and the

min(kn,n—kn)

o = 00, in which case we need

case that k,, is assumed to satisfy
to prove the upper bound in (1.6). We begin with the former case. In this
case, from (3.3) along with (3.4), (3.6) and (3.7), we have
e el e 1 1 It
PUAR) S =7 > ait <

- ~ =
~ nod ‘ n = pal ] _— qé | no(l=1)’
a=

which is the upper bound in (1.5).

Now consider the case that k, is assumed to satisfy W = 00, in
which case we need to prove the upper bound in (1.6). In the previous case,
we simply replaced the product on the right hand side of (3.7) by one. For

the current case, we analyze this product. We write

n—kp—I+1 a+i n—kp—I+1 ai
(3.8) log H (1 - (M—DC) = Z log (1 — qn+](l—1)c>

ne ne
J=1 j=1
We have
(3.9)
/ log (1= BTZ00Y gy 7S g (1 - U =Dy
0 ne i=1 n®
n—kp—I142 ata (] _q
/ log (1 — M)dl’
1 n%
Making the change of variables, y = ¢%, we have
B atz(] _ 1 1 4 og (1 — alibe
(3.10) / log (1_M)dx:_ / B (1- ),
A ne log gn /4B Yy

From (3.10) and the assumptions on ¢, and k,, both the left and the right
7qf,7’l(l—1)c
hand sides of (3.9) are asymptotic to 2= [} M

dy, which in turn

c JO Y
is asymptotic to —(I — 1)¢%, uniformly over a € {0,--- ,k, — 1}. Using this
with (3.8) and (3.9) gives
(3.11)
n—kn—I1+1 [l+j l o 1 Y
H (1— MQ)C) ~ e~ =% yniformly over a € {0, , ky,—1}.
n

J=1
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From (3.3) along with (3.6), (3.7) and (3.11), we obtain

ll
(3.12) Pa(A! ¢ Z gle=(=Dai,

By the assumptions on k, and ¢, ZI;" 01 qe —(=Day i asymptotic to

f Fn qle” (=147 dz. Making the change of variables y = gr, this integral is

1
log qn,

n® f yl Lo—(- 1ydy Thus,

equal to — fln y'~le=(=D¥dy, which in turn is asymptotic to

kn—1

a 1
(3.13) Z qglle*(lfl)qﬁ ~ nc/ ylflef(l—l)ydy'
a=0

0

From (3.12) and (3.13), we conclude that

(n) Yo -1
Pq(Alk ) S (/o y e Ydy) nal-1)’

which is the upper bound in (1.6).

We now turn to the lower bound. Our only assumption on &, is (3.1). The
method used in the proof of Theorem 3 and in the proof of the upper bound
here, via the alternative method for constructing a p-shifted random permu-
tation, is not precise enough to be of use in the proof of the lower bound here.
For this, we utilize the original construction for p-shifted random permuta-
tions on Sy, specializing to the Mallows distribution with parameter g, for
which p; = (1 — qn)q%_l. We use the notation P7" not only for the Mallows
distribution itself, but also for probabilities of events associated with the
construction. With regard to this construction, for j € {0,--- ,k, — 1}, let
Cj.k,,1 denote the event that exactly j numbers from the set {1,--- &k, —1}
appear in the permutation before any number from the set {k,,--- , k,+1—1}
appears. We calculate Pg"(Cj;kml) explicitly. For a,b € N, let r,; denote
the probability that in the construction, the first number that appears from
the set {1,---,a+ b} comes from the set {1,---,a}. Then

—1
(3.14) rb_Z? (I—a)an 11— ¢t
. ab = _

S - aa | 1
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For convenience, define rpj = 0. Then from the construction, it follows that

(315) Pgn Js km H?"kn Zl Tkn*jfl,l)a ] = 07 T akn -1

From (3.14) and (3.15), we have

J 1— qk —i qknfjfl - qknfjflJrl
n ) _ n n _
P (Cj;kn,l) - ( | | 1— qkn z+l) Il qknfjflJrl -
n n

i=1 1
(kn—j+1—1kn—1
(1= a)gh " Ty a-q))
Fep—1—j+1 Fen+1—1 =
(3.16) L—gqn T2 masc (e — o) (1 — ah)
1-gl)ghn =7 T, (1-dh)
( qkzl =7+ kfwrklnl] o J S =1
1—gn Hb kp— Zj+l(1 n) j -0 Eo—1
(1—g,, )qk” 13 H]bmkyz-kj (1—ap) I ’ v
1— qkn—l e kn+l 1(1 by = by

In order for the event Aﬁ)n to occur, the [ numbers {k,, -, k, +1— 1}
must appear consecutively (in arbitrary order) in the construction. Thus,
given the event Cjy,;, in order for the event Al(?n to occur, all of the
other [ — 1 numbers in {k,,--- ,k, + [ — 1} must occur immediately after

the appearance of the first number from this set. Given Cj,, ;, after the

appearance of the first number from {k,,---,k, + [ — 1}, there are still
kn —1—j numbers from {1,--- , k, — 1} that have not yet appeared, as well
as a certain amount of numbers from {k, +1,--- ,n}. Thus, a lower bound

on P" (Al(il |Cj:k,,.1) is obtained by assuming that none of the numbers from
{kn +1,--- ,n} have yet appeared. (Here it is appropriate to note that if
we calculate an upper bound by assuming that all of the numbers from
{kn +1,--- ,n} have already appeared, then the upper bound we arrive at
for Pl (Al(z)n) is not as good as the upper bound in (1.6).)

In order to calculate explicitly this lower bound, for a,b,c € N, let 74
denote the probability that the first number that appears from the set
{1,---,a+b+c} comes from the set {1,--- ,a}U{a+b+1,--- ,a+b+c}.
Then

b i1
>l = a)ay "+ Z;”ai‘{;ﬂ( — ) _l—gi+ @t — gotbte

Ta,b,c =
S - gn)gh 1 — gatbre
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From the construction, the lower bound on Pg"(Ag_T,?n |Cj.kn 1), Obtained by

assuming that none of the numbers from {k, +1[,--- ,n} have yet appeared,
is given by
(3.17)
" -1 -1 g1 a1
n n o n n
Pl (A 1Csk,0) = | | (1 = Thy—1—j ik —i41) = H P
i=1 i=1 1—gn
-1 b
(I=1)(kn—1—) =11 — an)
an, ;

From (3.16) and (3.17), we have

(3.18)
kn—1
PI (AN ) = 37 PI(Clo ) P (A i) =
7=0
kp—1 1 I\ kn—1—j Hkn JH— 1(1_ ) -1 1 b
Z (1 - g )am b=kn—j In) (1-1)(kn—1—7) p—1(1 — dn)
kn—1—7+1 kn+1—1 n 1 :
i I+ Hb:zn (1-4%) Hgi 1—j+1 (1 - q)

By the assumption on g,, the right hand side of (3.18) satisfies

(3.19)
kn—1 kn—1—7 kn—j+i—1 ) -1
(L —g)e 7 IS (A= dn) o yg,1y) b1 (1 —ap)
Ep—1—j+1 Eop+l—1 n 1 i~
j=l 1 —qn ! Hb:kn (1- QZ) HZ TJL - ]+1( qg)
! En—1 fep —j+1—2 1l knl -
b l(kn—1—j b : l(kn—1—j kn—i\l—
[Ta-a) > a7 I a-a)~—gd e 0-a) .
b=1 j=l b=k —j j=l
And
kn—1 . ke —1—1
0

Making the change of variables y = ¢, and using the assumption on g, and

the assumption on k, in (3.1), we have

1 -1 I -1 -1
[ e tae = [ -

(3.21) log g Jgkn-1-1
| / gy~ P TONO _nt (- 0Y*
c T'(20) c (2
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From (3.18)-(3.21), we conclude that

(-1 -
@) pel-D’

PIn(A)) 2

which is the lower bound in (1.5) and (1.6).

For the upper and lower bounds in (1.5), the only assumption on k, was
(3.1). Tt is clear from the proofs that if we fix o/ € (a, 1) and let k/, = [n®'],
then the upper and lower bounds in (1.5) are uniform over sequences {ky }°° ;
satisfying k,, > k/,. From this along with (1.9), it follows that the upper and

lower bounds in (1.5) are in fact uniform over all sequences {ky}22 ;. O

4. PROOF OF THEOREM 2

Proof of part (i). We follow a slightly more precise version of the construction
used in the upper bound in Theorem 3, and then reused for the particular
case of the Mallows distribution in the proof of Theorem 1. As with the
proof of Theorem 1, we use the construction from the proof of Theorem 3 in
the particular case of the Mallows distribution, with parameter ¢,; namely,
with p; = (1 — ¢n)gh ' Then from (1.19), the random variables { X152,
have truncated geometric distributions. Although Pi" denotes the Mallows
distribution with parameter g,, we also use this notation for probabilities
of events related to the random variables {X; };7’:2. It is easy to check that
P X, & {j +1,--+,j +1—1}) is monotone increasing in j. Thus, the
argument leading up to (2.7) in fact gives the following slightly more precise

version of (2.7):

(4.1)
n—kp—I1+1
PAG) Bia) € T1 PP anicrs @ lat i sat it 1= 2)) =
=1
—kn—Il+1 i il —
n H (1 B q?ﬁ” _ q%Jer‘rl 1)
Pl 1— qﬁn"rl-i-l—l

From the assumption on g,

_kn_l"l‘l 3 ) — _kn_l“!‘l — 3
(4 2) n H (1 B qg-&-z - q$+z+l 1 n - (l o 1)cn lqg—&—z
: 1 _ k7L+l+'i—1 1 _ k7L+l+l_1
i=1 qn i=1 qn
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We have
(4.3)
n—kp—I+1 1 a+i n—kp—I+1 1 ati
(l—=1)en™" g% (l—1)en g2
log H (1_ 1 _ Jrntiri1 )Z Z log (1_ 1 _ ntiHi-1 )N
i=1 an i=1 dn

n—kp—I+1 (l _ 1)CTL 1qa+x
log (1 - 4 >dfc.

Making the change of variables y = ¢, using the assumptions on &, and ¢,

and defining

1 — efcd

4.4 =1
(4.4) (e d) =log T——

<0,

in order to simplify notation in the sequel, we have

n—kp—I+1 (l - 1)Cn—1qa+z
log (1 - n )d:v =

1 1 log (1 %) ]
B <
logqn /nknl+1 y Y=
(4.5) / (I - 1)cn—1qu
log qn n—kn—l+1 1 — k‘n—H 1y
1
-1 " du=
~ ) n/ec(ld) 1 —e—cdy Y
d 1-— 6_Cd d
(l — I)QZeC log ﬁ — ([ 1)(]%66 7(0’ d).
From (4.1)-(4.5), we conclude that
(4.6) P (Al('flls)n|Bl;k;a) S ell=Daiey(e.d)

Recall that for the particular case of the Mallows distribution with pa-
rameter g,, the quantity NV, is given by (3.2). Thus, in this particular case,
and with k replaced by ky, (2.2) becomes

1
an ( qg gt
(4.7) P Bl Fon: a 7
3=0 1- dn
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Using (4.6) and (4.7), along with the assumptions on k, and ¢,, we have

kn—1 l b
a — 1 - qn _ aecd c
P (A ) < 3 gt Al )b (-Daze(ed)
(48) a=0 Hb:kn (1 - qn)

1 d
l‘c/ nqxle(l—l)%ec‘iV(Cvd)d:U.
nt(1—e-cd)l Jo ™

Making the change of variables y = ¢ and using the assumption on g, we

obtain

dn . 1 1 "
/ gl Dateted) gy — / S 1e=Deedy gy
0 log qn n

(4.9)

n 1 cd

n / L= edy gy
e—cd

Cc

From (4.8), (4.9) and (4.4), we arrive at (1.7), which completes the proof of
part (i).

Proof of part (ii). We write g, = 1 —€(n), where 0 < e(n) = o(). We follow
the proof of part (i) through the first three lines of (4.5), the only change
being that the tern en~! is replaced by €(n). Starting from there, we have

/n—k7L—l+1 log< (i— 1e(n)qn a”)dx <

qkn+l+$ 1
(4.10) / l_lk? (l)f"d —
logqn gnkn=t1 1 — grn iy
(l_l) (n)qn —(kn—i-l 1) log ( 1—q, )
IOan fonti—1

Since €(n) = o(2), we have 1—¢? ~ ne(n), 1—g¢kH=1 ~ kue(n), gn o =)

1 and g% ~ 1, uniformly over a € {0,---,k, — 1}. Using this with (4.10),

we have

kit (1= De(m)gs* :
— n < (] - -
/0 log (1 o )de < (1= 1)log =",

(4.11)
uniformly over a € {0,--- , k, — 1}.

From (4.1)-(4.3) (with en™! replaced by €(n)) and (4.11), we conclude that

n kn —
(4.12) Pg"(Al(;k)JBl;k;a) 5 (;)l 1'
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Using (4.12) and (4.7), along with the assumption on g, we conclude that

kn—1 l b
n a = 1_qn) kn —
P (al)) 5 3 gt Al o) Fuyer

n kn+1—1

(4.13) 1(e(n))! (kn)l_l’f"zl o _ B ka1 gpt
l l

(kne(m)) 0’ &9 (hpe(n)
I kple(n) 1!

n'1k, le(n) — nl=1

n’  1-d

5. PROOF OF PROPOSITION 3

It has already been noted that a p-shifted random permutation with p; >
0 and > 7, np, < oo satisfies properties (i) and (ii) of the proposition.
From the construction, it is clear that it also satisfies property (iii), if the
support of the distribution p is all of N. Thus, we only need prove that if a
probability distribution P on S, satisfies the three properties stated in the
proposition, then it arises as a p-shifted permutation for some distribution
{p; };";1 whose support is all of N and that satisfies > | np, < cc.

Let II denote the random permutation under P. By property (ii), II
is strictly regenerative and the probability u; of renewal at the number
1 is positive. (From this it follows that the probability u, of renewal at
the number n is positive, for all n. However, for this proof, we only need
the fact that u; > 0.) The event that n is a renewal point, that is, the
event II([n]) = [n], can be written as N2, {I<;4; < j — 1}. Thus, we have
un, = P(N32{I<ptj < j—1}) > 0. By property (i), this can be rewritten
as

) )
(5.1) un = [[PUcns; <5 —1) =[] (1 = PIansj = 5)).
j=1 J=1

Recall that the renewal times are labelled as {7,,}°°,. If n is a re-
newal point, say Ty, = n, then in order that the reduced permutation

red(HHTkO +1]*[Tk0}) have the same distribution as II|(7,], we need

(52)  dist({Tcnss} 32| (52 {Tanty < j — 13) = dist({;}32y)-
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By property (i), the above reduces to
(5.3)
dist(leptj|llant; < J—1) =dist(I;), for j=2,3,--- andn=1,2,---.

Now the argument leading to (5.3), for any particular n, was arrived at
under the assumption that u, > 0. By property (ii), we have u; > 0. Thus,
(5.3) holds for n = 1. From this it follows that there exist nonnegative
{p;};2, with p1 > 0 such that
(5.4) PIoj=i)=—22 =01, j—landj=23 .

D et P
We now show that Z;’il pj < oo. Assume to the contrary. Then from
(5.4) it follows that I.; converges in probability to oo as j — oo. Thus
limy, ;00 P(I<n+j > j) = 1, for all j and consequently

oo
lim P(Icptj > j) = o0.

n—00
J=1

From this and (5.1), it follows that lim,_, u, = 0, which contradicts the
assumption that the strictly regenerative random permutation is positive
recurrent.

Since Zj; pj < 0o, without loss of generality we may assume that
Z;;Pj = 1. From this it follows that the measure P is the p-shifted
measure with p-distribution given by {p;}72,. In order for property (iii) to

hold, it is necessary that p; > 0, for all j. (]
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