CLUSTERING OF CONSECUTIVE NUMBERS IN
PERMUTATIONS AVOIDING A PATTERN OF LENGTH
THREE OR AVOIDING A FINITE NUMBER OF SIMPLE

PATTERNS

ROSS G. PINSKY

ABSTRACT. For n € Ss, let 2 denote the set of permutations in S,
that avoid the pattern 7, and let B2 denote the expectation with
respect to the uniform probability measure on SZV("). Forn >k > 2
and T € SZVW, let Nflk)(a) denote the number of occurrences of k
consecutive numbers appearing in k consecutive positions in o € S2V",
and let N»,skﬂ—)(o') denote the number of such occurrences for which the
order of the appearance of the k numbers is the pattern 7. We obtain
explicit formula formulas for E:V(")N,(Lk;f) and Ezv(")N,(Lk), for all 2 <
k<mn,alln € Ss3 and all T € S,jv(”). These exact formulas then yield
asymptotic formulas as n — oo with k fixed, and as n — oo with
k = k, — oco. We also obtain analogous results for gavim,- ’7”), the
subset of S, consisting of permutations avoiding the patterns {7;}i—1,
where 7; € Sy,;, in the case that {r;}j=; are all simple permutations.

A particular case of this is the set of separable permutations, which

corresponds to r = 2, 71 = 2413, 2 = 3142.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let k,n € N with 2 < k < n. Let P, denote the uniform probability
measure on the set S, of permutations of [n] := {1,---,n} and denote
by FE, expectations corresponding to P,. Denote a permutation o € S,, by
0 = 0109 -+ 0. The set of k consecutive numbers {l,[+1,--- ,I+k—1} C [n]

appears in a set of consecutive positions in the permutation if there exists
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an m such that {[,l +1,--- I+ k —1} = {Om,Om+1, " »Omak—1}- Let
AFl 8, denote the event that the set of k consecutive numbers {l,l +
1,---,l 4+ k — 1} appears in a set of consecutive positions. It is immediate

that for any 1 <I,m < n—k+1, the probability that {l,i+1,--- ,[+k—1} =

{Oms Om+t1s s Omak—1} 18 equal to w Thus,

. kEl(n — k)! k!
(1.1)  P,(AM)=(n—k+1) n! ~ T as n — oo, for k > 2.
Let N,gk) = ;;kﬂ 1 ki denote the number of sets of k£ consecutive numbers

appearing in sets of consecutive positions, and let Aﬁ = U}ZlkHAZ;l denote
the event that there exists a set of k£ consecutive numbers appearing in a set
of consecutive positions. Then

Jkln—k) R

F) — (p — ~
(12) ENY = (n—k+ 1= s

as n — oo, for k > 2.

Using inclusion-exclusion along with (1.1), it is not hard to show that

k!

(1.3) P (AF) ~ nT;Q’ as n — oo, for k> 3.

It follows from (1.2) (or from (1.3)) that for £ > 3, the sequence {ngk) o0

n=1

converges to zero in probability. On the other hand, {N7s2) oo, converges

in distribution to a Poisson random variable with parameter 2. This result
on the clustering of consecutive numbers in permutations goes back over 75
years; see [12], [6].

In this article, we study the clustering of consecutive numbers in per-
mutations avoiding a pattern of length three, as well as in permutations
that avoid a fixed number of patterns, all of which are simple, the defini-
tion of which is given below. We recall the definition of pattern avoidance
for permutations. If 0 = 0109 0, € Sy, and n = 91+ Ny € Sy, Where
2 < m < n, then we say that o contains 1 as a pattern if there exists a
subsequence 1 < 47 < ig < -+ < i, < n such that for all 1 < 5,k < m, the
inequality o;; < oy, holds if and only if the inequality n; < 7 holds. If o
does not contain 7, then we say that o avoids n. We denote by Szv(n) the

set of permutations in S, that avoid 7. If n < m, we define SzV(n) =5,. We
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)

denote by Pﬁw(n) the uniform probability measure on SZV(U

EZV(") expectations corresponding to Pﬁv(n).

, and denote by

The main results in this paper concern permutations avoiding a pattern of
length three. Let n € S3, k> 2 and 7 € SZV(T]). For o € SZV(T]), with n > k,
let Nékﬁ)(a) denote the number of occurrences of k£ consecutive numbers
appearing in k consecutive positions in o, and such that the order of their
appearance is the pattern 7. (Such an occurrence is defined by the existence
of 1 <l,m <n—k+1suchthat {{,I+1,-- JI+k—1} ={om, - ,0msk—1}
and in addition, 7; = oppyi—1— (I—1),i=1,--- ,k.) Let N (o) denote the
number of occurrences of k consecutive numbers appearing in k£ consecutive
positions in o, without regard to the order of their appearance; that is,
Nflk) (o) = ZTGS;VM) Ny(lk;T) (o). We obtain explicit formulas for Ef{v(n)ngk;T)
and Ezv(n)]\frsk)7 forall2 <k <n,allnpe S;andall 7 € Szv(n). (Of course,
ng(??)(N’,gk;’T) =0)=11if 7 € S — SZV(W).) These exact formulas then
yield asymptotic formulas as n — oo with k fixed, and as n — oo with
k =k, — oo.

Although there are six permutations 7 in Ss, it suffices to consider just
two of them—one from {132, 213,231,312} and one from {123,321}. Indeed,
recall that the reverse of a permutation ¢ = o1 --- 0, is the permutation

rev .__

o™V .= oy, - - - 01, and the complement of ¢ is the permutation o™

satisfying
o™ =n+l—-o;, i =1,--- ,n. Let 0""°°™ denote the permutation obtained
by applying reversal and then complementation to o (or equivalently, vice
versa). It is immediate that the quantity Eﬂv(n)Nék;T) remains unchanged
if each of n and 7 is replaced by its reversal, or by its complementation,
or by its complementation-reversal. Thus, it suffices to consider, say 231
and 321, since the three permutations 132, 213 and 312 are obtained from
231 respectively by reversal, complementation and complementaion-reversal,
and the permutation 123 is obtained from 321 by reversal. We will prove

our results for the patterns 231 and 321, but we state them in complete

generality.
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Denote the nth Catalan number by C,,: C,, = n%rl (2:) As is well known,

S| = G, for all 5 € Sy and all n € N [3, 11].

Theorem 1. Let n € {132,213,231,312}.
i Let 2 < k <n and define 7*(n) € S by

. k---1, if n =231 or 312;
(1.4) T (n) =
1---k, if n =132 orn = 213.

ForT e S,:@(n),

—k42)Cpr1 - .
(et onsttl if 7 o 7 ();

(1.5)  E@m Nk —
" " (n=k+3)Cpn_kr2  (n=k+2)Cp_g41 Jif T =T*(n).

2C, Ch
Also,
Gi)
Ny . .
(1.6) lim ——-———— =1 in probabulity.
n—00 E»gv(n)Nr,(; i7)
(1.7) Eo) N k) — M(m_kmc +n—k)
Also,
()
Ny . .
(1.8) lim ————— =1 in probability.

n—o00 EZV(W) Nék)
Remark. It is easy to check that Ef;v(n) Ngm) is larger for 7 = 7*(n) than
for 7 # 7*(n), for all n > k. (For n = k, they are both of course equal to

1
o)

Using the fact that C,, ~ —2 the following corollary of Theorem 1

™2
follows by straightforward calculation.

Corollary 1. Let n € {132,213,231,312} and let 7%(n) be as in (1.4).
i. Let 7*(n) #71 € S,iw(n). Then

. 1 av(n) nr(k;T) _ 1 .
(19) i o BTN = T

Egv(ﬂ)Néknﬁ') ~ #7 Zf kn = O(n)
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ii. Let 7 =1*(n). Then
lim lEﬁv(”)NT(Lk;T) = —;
(1.10) n—o0 7y 4

BN i by = on).

Qkn—1"

290,

i L g ke _ G+l
(1.11) noon M T 2.4k
: 2
B N k) T%, if li_}IIl kn = 00 and ky, = o(n).
T4, 5 n—o00
ka

Remark. From (1.11), it follows that Ef{v(n)Nflk") remains bounded away

from zero when n — oo if and only if k,, = O(ng), and from (1.9) and (1.10)

it follows that Ezv(n)Nr(Lk";T) remains bounded away from zero when n — oo

_ logn
log4

if and only if lim sup,, . (kx, ) < 0.

Theorem 2. Let n € {123,321}.
i. Let 2 <k <n and define 7*(n) € SZ’U(VI) by

. k-1, if n = 123;
(1.12) ™*(n) =
1.k, if n=321.

Fort e ng(n)’

Cn—k ; *
EL i 7 A T ():

(1.13) Eem) N k) —

(n—k+ 1)l if r = %(1).
i
(114) Egv(?])Nflk‘) — Cnfkﬂ*l (’ré_ k + Ck) .

Remark 1. From (1.5) and (1.13), it follows that for each k& > 2, EZV(")N,(Z’”)
has linear growth in n, for all pairs (n,7), with n € {132,213, 231,312} and
T E Szv(n), and for the pairs n = 123,77 = k---1 and n =321, 7 =1---k.
On the other hand E%V(WN,S’”) is bounded and bounded away from zero for

n=123and k---1#71¢€ SZN(I%) and forn=32land 1---k# 7€ SZV(Sm).
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Remark 2. We elaborate on the behavior in the case of the pairs n = 123
and kk —1---1#7 € SZV(IQS), and the pairs n = 321 and 12---k # 7 €
SZV(321). Consider, for example, n = 321 and 12---k # 7 € SZV(321). As

Gav(321)

is well known, every permutation in is composed of two increasing

subsequences. (The two subsequences are not necessarily unique; for exam-

av(321)

ple, the permutation 145236798 € S, is composed of the two increasing

subsequence 12379 and 4568 as well as of the two increasing subsequences

12368 and 4579.) A cluster of length k£ and pattern 7 in o € Sf,,v(?’m)

will
necessarily have to include numbers from both increasing subsequences cor-
responding to o. Theorem 2 states that the expected number of such se-
quences is bounded (and bounded away from zero) as n — oo. This means

that the two subsequences have very little intertwining.

The following corollary of Theorem 2 follows by straightforward calcula-

tion.

Corollary 2. Let n € {123,321} and let 7*(n) be as in (1.12).
i. Let "(n) #71 € SZU(U). Then

i ki)
Jim BN =

EZU(W)N(kn?T) ~ W; Zf k?’L = O(n)

n

ii. Let T =1*(n). Then

1
lim =g k) — _— .
(1.15) pomn T T D
' n

B ) N (knir) T if kn = o(n).
140.

(1.16) 4
NG ~ i ik = o0 and k, = ofn).

\/%ky% n—00

Remark. From (1.15) and (1.16), it follows that each of EXMNED and

Ef{v(n) Nék”w*(")) remains bounded away from zero when n — oo if and only

if lim sup,,_, o (kn — 11((;22) < 0.
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The methods of proof for Theorem 1 and Theorem 2 are completely differ-
ent from one another. The proof of Theorem 1 exploits generating functions,
whereas the proof of Theorem 2 is much more of a purely combinatorial ar-
gument. The method of proof of Theorem 2 easily extends to allow one to
obtain similar results for permutations avoiding simple patterns. A permu-
tation n € Sy, is called simple if n & A,(:Z), for all k € {2,--- ,m — 1} and
all [ € N satisfying k +1 — 1 < m. (Equivalently, 7 is simple if and only if
{Na»* " s Nark—1} 18 not equal to a block of k consecutive numbers in [m], for
all k € {2,--- ,m—1} and all a € N satisfying a+k—1 < m.) For example,
6241753 is a simple permutation in S7, but 6241375 is not, because of the
block 2413. Note that there are no simple permutations in Sy or Ss.

For r € N and a collection of permutations {n;}/_,, with n; € S,,,, where
m; > 2, denote by Szv(m’m ) the set of permutations in S, that avoid all of

P ) the uniform probability measure

the patterns {n;}/_,. Denote by P,
on Szv(m’m’m), and denote by Ejp’ av(m, ) expectations corresponding to
P:V(m,---mr)' For 0 € Sav(m" M) and T € SaV(m,--,nr)7 with 2 < k < n,
let Nflkﬁ)(a) denote the number of occurrences of k consecutive numbers
appearing in k consecutive positions in o, and such that the order of their
appearance is the pattern 7. Let N,sk)(a) denote the number of occurrences

of k consecutive numbers appearing in k consecutive positions in o, without

regard to the order of their appearance.

Theorem 3. Letr € N and let {n;}|_,, withn; € Sy, and m; > 4, be simple

permutations. Then for 2 <k <mn and T € Sav(m’ i ,nm);

av(ni, - ,nr)
(1.17) ) gty — (07 R DISnpy T
n n |Sﬁ” N1y ,nm)‘

Also,

k+1

(n—k+ 1)|Sav ny ~~,m~)‘ |S’Z'U(7717"'777m)|
i) |

We elaborate on two particular cases of Theorem 3.
A separable permutation is a permutation that can be constructed from

the singleton in S via a series of iterations of direct sums and skew sums.
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(See [9], for example, for more details.) An equivalent definition of a sep-
arable permutation [4] is a permutation that avoids the two patterns 2413
and 3142. The generating function for the enumeration of separable permu-

tations is known explicitly and allows one to show [5, p. 474-475] that

1
2V mn3

(The sequence on the right hand side of (1.19) is the sequence of big Schroder

(1.19) | S5 ~ (3 —2v2) "z,

numbers—A006318 in the On-Line Encyclopedia of Integer Sequences.) Let
SyP denote the set of separable permutations in S, let P; " denote the
uniform probability measure on S;,* and let E; " denote the corresponding
expectation. Since the permutations 2413 and 3142 are simple, the following

result follows immediately from Theorem 3 and (1.19).

Corollary 3. For2<k<n and 7€ S;?,

(n—Fk+1)S>% |

ki) _ —k+1
E:Leer(L ) - ‘S;ep’ - )
and
ESEPN(k;T)
lim = = (3~ 2v/2)F 1,
n
Also,
g _ 0=k IS 157
n n ’S'Zep| ’
and
ESGPN(k)
Jim == = (8- 2V2) IS
n

One formulation of the Stanley-Wilf conjecture, completely proved in [7],
states that for every permutation 7 € S,,, m > 2, there exists a number

L(7) > 1 such that

lim |S,(7)|" = L(7).

n—o0

We refer to L(7) as the Stanley- Wilf limit. Furthermore, it is known that

(1.20) lim [Snta(T)]

= L(7), for any simple permutation 7 € Si, k > 2.
n—o0 | Sp(7)]
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Indeed, (1.20) was proven in [2] for a wide class of permutations 7, includ-
ing all simple ones. Thus, the following asymptotic result follows as an

immediate corollary of Theorem 3 and (1.20).

Corollary 4. Let n € Sp,, m > 4, be a simple permutation. Then for
2<k<n andTGSZ@(n),

1 1
im — Ewm) NKkT) —
W BN = e
and o
av(n
lim lEﬁ”(")N,(Zk) — 151

n—oon L(T)k—l’

where L(T) is the Stanley- Wilf limit.

This leads to a natural question.
Open Question. Is it true that for every n € U‘;‘;ISj and all £ > 2, the

() )

expectation Ep’ grows linearly in n, or equivalently, that there exists

aTe SZV(T]) such that the expectation Ezv(n) ngk;T) grows linearly in n?

The recent paper [10] studied the clustering of consecutive numbers under
Mallows distributions.

In section 2, we prove Theorem 1, except for the law of large numbers in
(1.6) and (1.8). Of course, (1.8) follows immediately from (1.6). Using the
second moment method, (1.6) follows immediately from Corollary 1 and the

following proposition, which we prove in section 3.

Proposition 1. Under the assumptions in Theorem 1, for all T € S,iw(n),

Var(N,(Lk;T)) = o(n?).
We prove Theorem 2 in section 4 and Theorem 3 in section 5.

2. PROOF OF THEOREM 1

As noted before the statement of the theorem, it suffices to consider the

case = 231. Let k > 2and 7 € SZV(QSI). We consider n > k. The following
definition will be useful. Let a1 < as--+- < a,, be real numbers and let

p = p1---pm be a permutation of these numbers. We define red(p) € Sy,
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the reduction of p, to be the permutation in S, that has the same pattern
as p. That is, red(p) = o if o satisfies 0; < 0; whenever p; < pj, i,j € [m].

Every permutation o € SZV(231) has the property that if o; = n, then the
numbers {1,---,j — 1} appear in the first j — 1 positions in o (and then
of course, the numbers {j,--- ,n — 1} appear in the last n — j positions in
0.) This fact will be used frequently in the proof without further comment.
From this fact, along with the fact that ]Siv(n)\ = C,, it follows that

Cj-1Cn—j

(2.1) P (g; =n) = o

, for j € [n].

It also follows that under the conditioned measure PSV(ZSDHO']' = n}, the

permutation o1 ---0j_1 € Sj—1 has the distribution P;X(fgl), the permuta-

tion red(oj41---0y) has the distribution P;X(f?’l)

tions are independent. Note that the following well-known recursion formula

, and these two permuta-

for the Catalan numbers follows from (2.1).

(2.2) Cn=) Cj1Cnj, n€N.
j=1

The key to proving the theorem is the following proposition, whose rather
long technical proof will be postponed until we have completed the proof of

the theorem.

Proposition 2. For each m € N, each o € Sﬁf’@gl) and each A C ng(%l)’
let the random variables Néfj;r)(,)’ 1,(-) and 14(-) be defined on the proba-
bility space (Sp, Pﬁf@?’l))_

i. Letkk—1 ---I#TESZU(%I). Denote ik:Tgl. Then

T dist kT kT
(2.3) NFD|{o; =n} B NFD 4 NED

+ 1{j:n7k+i’9}1*’4£sz+ikf1 1 k=i

where

(2.4) ot R = red(Ti, +1Tip 42+ Th) € SZ”(231)

—1i

and

231 ,
(2.5) Aln—k+ik—1 ={o¢€ Szi(kz-i-i)k—l SOl =TI+ —k, l=1-i — 1},
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and where N( ) 1s independent ofN .), and the pair N( k)+zk L la i
n— lk
™ 1

z’a

is independent of the pair N,g wk—i. If i, = k, then we understand

1 «k—i, to be the constant 1, and if iy, = 1, then we understand An ktip—1
to be the constant 1.

. Let T=kk—1---1. Then

26)  NEDoy=n} BNED L NED 1 eyl

i’

where

(2.7) A _j={o€Sjio=n—j+1-11=1,-- k—1},

and where Nﬁ’f) 1s independent of the pair Ni’i;), 1

n—j*

(The superscripts [ and r in (2.5) and (2.7) are just used to distinguish
the two sets, and stand for “left” and “right”, because of how they arise in
the proof.)

k;T)

Let s], Eav(le)NT(L . Of course, s], =0, forn=1,--- ,k—1. For con-

venience, define s = 0. The following result follows easily from Proposition

2.

Proposition 3. For2 <k <n,
(2.8)
oy, Cmtluagr 4 Gk ik 1147 € 5P,

oy Gillnmigr |y Onckl ifr = k1.1
Proof. From (2.1), (2.5) and (2.7), it follows that

(2.9) Pav(231) (Al ) — A; Pav(231)(Ar) _ M
n n Cn—k—l—ik—l n n )
From (2'1)7 (2-3) and (2-9), we have

Ch Cr—titip—1 Cr—iy

n
C;_1C, Chr_pri—1Cr_; Ch— 1
ST:ZM(] 1+3n j)+ n—k+ip—10k—ig n—k

" C
=1 "

Coj . Cho av
22 “ 3J1+ Cn for kk—1---1#7 € 8™,
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and from (2.1), (2.6) and (2.9), we have

n n—k+1
C;—1C Ci—1Ch—; Cp—j—k+1
SZL:Z anJ(] 1+Sn])+z ]an nC] ‘+ -
=1 n =1 n n—j
C Ch—
22 Jl n];1+ an+1,fOI'7':kk'—1"'1,
n
where the last equality follows from (2.2). O
Define
e .
(2.10) GFNI(t) =" CysTt,
j=k
and let

oo
Ct)y=>_Ct/

j=0
denote the generating function of the Catalan numbers. As is well-known
[8],
(2.11) C(t) =
We use Proposition 3 to prove the following result.
Proposition 4. For |t| < 1,

Lo av(231)
(2 12) G(va)(t): #7 kak_l 17&765 :

OO ifr=kk—1---1.

Proof. Multiplying the first line of (2.8) by C,t" and summing over n from

k to oo gives
G*I (1) = 24Ct)G*I () + tFC(t), kk—1---1# 7€ Sy,

and solving above for G*7)(t) gives (2.12) for 7 # kk —1---1. Multiplying

the second line of (2.8) by C,,t" and summing over n from k to oo gives
G*N (1) = 2Ct)GEI () + - (C(t) — 1), T=kk—1---1,

and solving above for G*7)(t) gives (2.12) for 7 = kk —1---1.
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We now use Proposition 4 to prove Theorem 1.

Proof of Theorem 1. Part (i). From (2.11), we have

C !
(2.13) 1—t27EtC)’(t) = %((1 —4t)72 —1).

A direct calculation [8, p.41] reveals that

1y (n)
(1 —4t)2)" =0 2 on —1
2.14 = — > 2.
( ) n! o2n —1 n =

From (2.14) and the fact that ((1 — 475)%)/ =-2(1- 4t)_%, it follows that

(1=4)75) Py _ 1 (=405 Py _

n! 2 n!
(215) n+1(@-402)" V) _n+1<_ 2 (241 ) -
2 (n+1)! B 2 2n+1\n+1)/

(n+1)Cp, n> 1.

Now (2.13) and (2.15) give

oo

tC(t) ~=nt+l o,
(2.16) m_z 5 Cnt".

Consider first the case kk—1---1 # 7 € S;,. Then from (2.12) and (2.16)

o

+1
(27) Q)= 3y,
which along with (2.10) gives
. —k+2)Cp_s1
21 EaV(231)N(k3,T) T (n n—k+

which is (1.5) for 7 # kk —1---1 and n = 231.
Now consider the case 7 = kk —1---1. From (2.11), we have

1

(2.19) T30~ (1—4t)z.
Using this with (2.15) gives

tk—l o
(2.20) 50w = D (n 4 1)Cpt™ L

n=0
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From (2.12), (2.16) and (2.20), we obtain
(2.21)

G (t) =

tF=1C(t) =t i n+2

- = 1 — 1)C,, )R
1-2tC(t)  1-2tC(1) Cng1 = (0 +1)Cn)

n=1

From (2.10) and (2.21), we obtain

E ; _\n k+3)cn—k 2 (n—k+2)Cn_k 1
2.22 a’v(231)N(va) — o7 ( +
( ) " " sn 2Cn Cn ’

which is (1.5) for r =kk —1---1 and n = 231. O
Part (ii). From (2.18) and (2.22), we have

(Tl —k+ Q)Cn_k+1 4

EZV(Q?)I)NTSk) — (Ck _ 1)

20,
(2.23) ¢
(n—k+3)Cpnpt2  (n—k+2)Cpp1
2C, Cn '
Using the formula C,+1 = (fg_fgl)(]’ to write C),_g12 in terms of C),_j11

n (2.23), and performing some algebra, gives

E?LV(231)N7(LI€) — 0721_61”1 ((n —k+2)Cr+n— k:),

which is (1.7) for n = 231. O
We now return to prove Proposition 2.
Proof of Proposition 2. In order to make the proof more transparent, we
first derive it for three particular choices of 7—216345, 621345 and 654321.
The proofs of these particular cases will make the general case much easier
to follow.
We begin with 7 = 216345. We show that

(2.24)

dist 6216345 6216345
N(6216345 ’{ j } E N )+N( )—i—l{j —n— 3}1Al 410.*,3,

where
(2.25) "% =123 = red(ry7576) € Sav(231)

and

(2.26) ={o € Sav(%l) Op—s =n—4,0p_4 =n—5},
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(6 216345) (6 216345) 6; 216345) 1
Al

and where N , and the pair V) ( »

is independent of the pair Né6 216345) The terms N (6 216345) and NSS_’§16345)

is independent of IV,

on the right hand side of (2.24) are clear; they count the number of clusters
of length k and pattern 216345 from oq--- ,0;-1 and from o1 ---0,. We
now show that the term, 1{j:”*3}1AL_41"*’3 counts clusters of length 6 and
pattern 216345 that involve the number n = o;. Such a cluster that includes
the number n = o; can only be the cluster

(2.27)
oj_o=n—4,0j_1=n—95,0=n,041=n—3,0j42=n—2,0j4,3=n—1.

av(231) " (2.27) can only occur if j = n — 3. Indeed,

Furthermore, since o € Sy,
if j >n—3orj < 2, then obviously (2.27) cannot occur, while if 3 <
Jj < n — 3, then it would follow from (2.27) that j;4 < n — 6. But then
0j—10;04+4 would have the pattern 231. Finally, given that 0,3 = n,
o €S2 satisfies (2.27) with j = n — 3 if and only if oy -~ 0,y € AL _,
and red(o,_20,_10,) = 03 where Aﬁl_4 is as in (2.26) and o*3 is as in
(2.25). The above-noted independence follows from the sentence following
(2.1). In the sequel, we will refrain from commenting on the justification for

independence, as it will always follow from the above-noted sentence.

Consider now the case 7 = 621345. We show that

(2.28) N(G 621345)|{ o) = } dl_st N (6; 621345) + N(ﬁ 621345) + 1{j:n_5}10*’5’

where
(2.29) o*® = 21345 = red(7y - - - 76)

6:621345) . . 6;621345 6;621345) . .
and where N](_l ) is independent of NT(Z_]- ), and N (76 ) is in-

n
dependent of the pair Né6;621345) 1,+5. Again, the roles of N;?leg%) and

)y O
(6;621345)
N,~;
ters of length 6 and pattern 621345 that involve the number n = ;. Such

are clear. We show that the term 1y,_, 511,+5 counts those clus-

a cluster that includes the number n = o; can only be the cluster
(2.30)

oj=mn,0j41=n—4,0j42=n—-95,043=n—3,0j44 =n—2,0515=n— 1.
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. av
Furthermore, since o € Sy, (

231), this can occur only if j = n — 5. Indeed, if
j > n—>5, then obviously (2.30) cannot occur, while if j < n—>5, then it would
follow from (2.30) that ;16 < n — 6. But then, for example, 0110543016
would have the pattern 231. Finally, given that o,_5 = n, 0 € SZV(231)
satisfies (2.30) with j = n — 5 if and only if red(o,_4---0,) = 0*°, where
o*P is as in (2.29).

The argument above for 7 = 621345 works just as well for any other
T € Sg with 71 = 6, except for 7 = 654321, which we now consider. We will

show that

. dist 6;654321 6;654321
(2.31) NGB | {g; = ) B NOTD L NS o 1

n—j
where

(2.32) A ={oes™ g =n—j+1-11=1,- 5}

N7(16;654321)’ 1

and where NV ;?1%4321) is independent of the pair N~ j

(6;654321) (6;654321)
Nj_1 and Nn_j

Ar_ . Again,
the roles of are clear. We now show that the term
1{j§n_5}1,42_j counts clusters of length 6 and pattern 654321 that involve
the number n = o;. Such a cluster that includes the number n = o; can
only be the cluster

(2.33)

oj=mn,0j41=n—1,0j49=n—-2,0j4,3=n—3,0j44 =n—4,0,15 =n—05.

Of course, (2.33) cannot occur if j > n — 5; this accounts for the term
l{j<n—5). In the previous case, we also ruled out j < n —5 because that
would lead to the existence of the pattern 231. In the present case, because
the pattern in (2.33) is decreasing, the argument in the above case no longer
goes through. Finally, for j < n — 5 and given that 0; = n, 0 € SZV(Q?’I)
satisfies (2.33) if and only if red(oj41---0n) € A},_;, where A7 . is as in
(2.32).

With the above particular cases explained, we now turn to the proof of

the general case. Let i = 7 1 We first assume that i, # 1. We will
show that part (i) of the proposition holds. The terms N ](ﬁlT ) and NT(LIZ) on
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the right hand side of (2.3) are clear; they count the number of clusters of
length k and pattern 7 from oy --- ,0;_1 and from 041 - - - 05,. We now show
that the term 15:”*”’6}11“2_“%_110*’k_i’“ counts clusters of length k£ and
pattern 7 that involve the number n = o;. Of course, the only candidate for
such a cluster is 0;_;, 11054, 42 - 0j1k—i,, and this will indeed constitute

such a cluster if and only if
(2.34) red(0j—iy+10j—iy+2 * ** Tjrk—iy,) = T.

We now show that (2.34) can only occur if j = n — k + 4. This will
account for the term 1g;_p,_j 4 1. Indeed, if j > n —k +ip or j < i — 1,
then obviously (2.34) cannot occur. Now consider i, < j < n — k + .
Since {0j—iy+1,0j—iz+2, Tjph—iy} = {n —k+1,--- ,n}, it would follow
from (2.34) that 0j44—i,+1 < n — k. But then 0;_10;0;41—i,+1 would have
the pattern 231, which is forbidden. Thus, we conclude that there will be
either one such cluster involving n or no such cluster involving n, and the

condition for the existence of such a cluster is

(2.35) red(oy ki1 0pn) =T
Finally, given oy,_p4s, = n, 0 € S’ZV(%I) satisfies (2.35) if and only if
01" On—ktip—1 € Aln_kJrik_l, where Afl_kﬂk_l is as in (2.5) and, if i, # k,

then also red(oy,—gyip+1- - 0n) = o**=ik wwhere "%~ is as in (2.4).

We now consider the case that 7, = 1. Here we need to consider two
subcases—the case that 7 # kk — 1---1, and the case that T =kk —1---1.
We first consider the subcase that 7 # kk—1---1. We will show that part (i)
of the proposition holds. Again, the roles of N J(ZT ) and N,(L]i;) are clear. We
now show that the term 17—, gy1}15+x-1 counts clusters of length & and
pattern 7 that involve the number n = ;. Of course, the only candidate
for such a cluster is 0041+ 0j1x—1, and this will indeed constitute such

a cluster if and only if

(2.36) red(0j0j41 - Ojyk—1) =T.
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We now show that (2.36) can only occur if j =n — k + 1. This will account
for the term 1y, j41y. Indeed, if j > n — k + 1, then obviously (2.36)
cannot occur. Now consider j < n —k + 1. Since {0,041, - 0jprp—1} =
{n—k+1,---,n}, it would follow from (2.36) that oj;; < n — k. Also,
since by assumption, 7o --- 7 # k — 1---1, it follows from (2.36) that there
exist indices [; < Iz from the set {j +1,---,j + k — 1} such that o, < oy,.
But then o0y, 07,041 would have the pattern 231, which is forbidden. Thus,
we conclude that there will be either one such cluster involving n or no such

cluster involving n, and the condition for the existence of such a cluster is

(2.37) red(op—j41---0pn) = T.
Finally, given o, 11 = n, 0 € Szv(zgl) satisfies (2.37) if and only if
red(0, g2 0p) = 09F 1 where 0¥~ is as in (2.4) with i}, = 1.

We now turn to the subcase 7 = kk —1---1 of the case 71 = k. We
will show that part (ii) of the proposition holds. Again, the roles of N ](EIT )
and N,Sk_;) are clear. We now show that the term 1{j§n—k+1}1A;,j counts
clusters of length k and pattern 7 that involve the number n = o;. Of
course, the only candidate for such a cluster is 0011 ---0j1x—1, and this

will indeed constitute such a cluster if and only if
(2.38) red(cjojp1-0jyk—1) =7=k---1.

Of course, (2.38) cannot occur if j > n — k + 1; this accounts for the term

l{j<n—k+1}. Finally, given that o; = n, it follows that for 1 <j <n—k+1,

o € S gatisfies (2.38) if and only if red(ojt1---0,) € Aj_;, where
Al _;is asin (2.7). O

3. PROOF OF PROPOSITION 1

As noted before the statement of Theorem 1, it suffices to consider the

case n = 231. Let 2 < k < n. We will prove the proposition for the case that

av(231)

T €5, satisfies 7 # k---1. The proof uses part (i) of Proposition 2.

The case 7 = k---1 is treated similarly, using part (ii) of that proposition.
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From part (i) of Proposition 2, it follows that for 2 < k < n,

(3.1)
(NP2 oy = n} B (NED)? + (V)2 4 2NEDNED, G m = ks
(NEDP2) (o = n} B (VD)2 + (VD)2 4 oD NIED 4

k; . .
2(NED + NEDY 1Ly oo Lo Ly Lo, =0 =k,
where the notation in (3.1) is as in Proposition 2. Let r], = E?LV(231)(N’I’(L]€;T))2

k;T)

and recall from section 2 that s] = EXEUNED - From (3.1) and (2.1),

along with the independence of certain random variables as indicated in

Proposition 2, it follows that

C’ C
=22 O 2

Cn*kﬂ' *1Ckfi av(231) (ks;7) av(231) o s k—i
571 : (2En k+ip— 1Nn—]€+ik llAln ket i — I)Pk_ik (0'*7 Zk)+
Cr—kti—1Ch— v(231 231), s k—i
n— gn i P:; (kJer)c 1(An fetip— 1)Pkaz(zk )(O' , zk)7

where we have used the fact that N,lf;T = 0, for n < k. Using the fact
th t P]?V(le)((f*’k_ik) — o 1

? k—ip,

along with (2.9), we can rewrite the above

equation as

C C
_22 ]1an +2Z ]1n]JTlSJ15nJ+

(3.2)
Cn—k+i ~1 av(231) (k;7) Cr—k
2 an En—k—i—ik—an—k-H'k 11A£L kg — 1+ Cn :
Define
_ = C Eav(231) N(k;T) 1 n
= Z nfk+irl( n—k+ip—1* n—k-+iz—1-Al _ iy — 1)t :
Note that
(3.3)

av(231) (ks7) av(231) (k)
En—k+ik—1Nn—k+ik llAz ki —1 SEn—k—H‘k an ktip— 1= nfk:+ik71'

Recalling the definition of G*7)(¢) in (2.10), we note for later use that for

each n, the coefficient of ¢ in the power series defining W () is less than or
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equal to the coefficient of #" in the power series for G*7)(¢). This follows

from (3.3). Define

R(k T) Z C, TTtn

Multiplying (3.2) by C,t" and summing over n from k to oo, and recalling
the definition of G(*7)(t), we obtain

R(k;f) (t) _ 2C(t)R(k,T) (t) + 2t(G(k;T) (t))2 + tk—ik+1W(t) + tkC(t>7

from which it follows that

2t(GET) (£))2 + th= W (¢) 4 tFC(2)
1—2tC(t) '

(3.4) R (1) =

Using (2.11) and (2.12), we obtain after some algebra,

(3.5) 1(%0((2)) = (12F1 22k (1 — 4t) 2 — 2RL(1 — 4t)
Also,
ttC@t)y 1

1
(3.6) SRl —4t)7E — S

1-2t0(t) 2
From (2.15), we have

(3.7) (1—4t)2 = (n+1)Cut".

Differentiating (3.7), we obtain

w\w

(3.8) (1—4t)72 == Z n+1)(n + 2)Cpyrt™

Since % = tF= T (£) (1 - 4t)7%, and since the coefficients of the
power series for W (t) are all nonnegative and are dominated by those of the
power series for G#7)(t), it follows (3.7) that
(3.9)

R (1)

the coefficients of the power series for m

are dominated by those

tk—ik-i-l G(k’;T) (t)
1= 20

for the power series



CLUSTERING OF NUMBERS IN PERMUTATIONS AVOIDING A PATTERN 21
By (2.11) and (2.12),

tk*ik+1G(k/‘§T) (t) 1 o
= 2 (1 —4t)™t — (1 — 4t)~
1—2tC(t) 2 (( ) ( )

[ SIS

(3.10)

).

Since C,, ~ —2" it follows from (3.4)-(3.10) that the leading order term

™2
as n — 0o of the coefficient C,,r7 of t" in the power series for R%*7)(t) comes

from the coefficient of ¢" in the power series for (¢2¢=1 — 2¢2K)(1 — 4t)_% on
the right hand side of (3.5). Using this with (3.8), we obtain

(3.11)

CorT ~ %(n— 2 +2)(n— 2k +3)Cor_oporo— (n—2k+1)(n—2k+2)Crr_sper1.

Since lim,,_yoo Cg: = %, it follows from (3.11) that
(3.12) Eav(231)(N(k;T))2 — T~ n2(142—2k . 41—2k) _ n’
. n n —''n 2 T g2k-17

From (1.9), we have

1
av(231 kT

Thus, it follows from (3.12) and (3.13) that

Var(NFT) = o(n?).

4. PROOF OF THEOREM 2

As noted in the introduction, it suffices to consider the case n = 321.
The key step to proving the theorem is the following result, whose rather
technical proof will be postponed until after the proof of Theorem 2. Recall
from the introduction that Aﬁ;l C S, denotes the event that the set of k
consecutive numbers {l,l 4+ 1,--- ,l+ k — 1} appears in a set of consecutive
positions. For 7 € Sk, let A¥™! < S, denote the event that the set of k
consecutive numbers {l,l 4+ 1,--- , I+ k — 1} appears in a set of consecutive

positions according to the pattern 7.
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Proposition 5. Forn>k>2and 1 <I<n—-k+1,

C1o1Cn ki av(321)
(4_1) Pav(321)(Ak7T;l) _ % ifl--k#4T¢ Sk :
M ifr=1-F

The proof of Theorem 2 is almost immediate from Proposition 5.

Proof of Theorem 2. Since Nr(lk;T) = ln:—1k+1 AR Proposition 5 yields
ktl Cnkt1 5£1... av(321),
Eav(?’zl)N(k’T) — nz PaV(321) (Ak,T;l) — Cn if 1 k 7& TE Sk y
" " " " (n—k41)C i1 -
=1 —e ifr=1---k,

where the latter equality in the case 7 # 1---k follows from (2.2). This
gives (1.13) in the case n = 321. Since there are C; — 1 permutations
1ok # 7€ S5 (1.14) follows from (1.13).

Proof of Proposition 5. Fix n, k,l as in the statement of the proposition. Fix

T E Sav(321) For1 <a<n-—k+1, define

AZ’T;I"‘ = {J € AZ’T?Z ALL+ 1, I+ k=1 ={04,0041, - aa+k_1}.

Then the sets {ART43Zk+1 4re disjoint and AR = U'Z fHAk Tibia,
Ifv= {VZ-}L:1 is a permutation of a finite set B C N, let B~ denote the
permutation it naturally induces on S| |; that is, v” ' = red(v), where red(-)
was defined at the beginning of section 2. Conversely, if v is a permutation
of S\py, let vB denote the permutation it naturally induces on B.
Until further notice, consider a fixed. Let o € AT A g2V e
describe a procedure to contract o to a permutation in Sav(iill) Define the

permutation ¢ = &(o) of the set B ={1,--- ,l,l+k,--- ,n} by

o, 1<i1<a—1;

Oi+k—15 i=a+1,---,n—k+1,

and define
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It follows from the construction that

(4.2) ve Sz\i(zi) and v, = [.

We concretize the above construction with an example. Let n = 9,k =
3,0 = a = 4. Let 0 = 213546807 € A4 0 g2 - The get B s
given by B = {1,2,3,4,7,8,9} and ¢ = 2134897—the cluster 546 in o has
been contracted to 4 in 7. Finally, v = v(0) = 68 = 2134675 satisfies
v E S;V(SQI) and v4 = 4.

Obviously the map taking o € A&7 0 §2v(321)

to v(o) is not injective.

However,

v(o) # v(o'), if 0,0’ € AFTHe 0 630321 are distinet and satisfy
(4.3)
Oati = Oppyy 1 =0, k—1.
Conversely, let v satisfy (4.2). We describe a procedure to extend v to

a permutation in A" which may or may not belong to SV et

B=A{1,---,l,l+k,---,n} as above. Define 6™ = o7 (v) € S, by

0 =\l—147Ti_q1, 1=a,--- ,a+k—1;
B .
Vil gy t=a+k,--- n.

It follows from the construction that
(4.4) o"(v) € Aﬁ’“l‘a.

Also, of course, the map taking v satisfying (4.2) to o7 (v) is injective.

As an example of the above construction, again withn =9,k =3, =a =
4, let v = 2134675. Then v satisfies (4.2). We have B = {1,2,3,4,7,8,9}.
Choose, for example, 7 = 213 € S3. Then v? = 2134897 and 0™ = 07 (v) =
213546897 € Ag’213;4’4—the 4 in v® has been expanded to the cluster 546 in
o’.

We now investigate when in fact o7 (v) € Sﬁv(gzl), or equivalently in light
of (4.4), when o"(v) € Sav32L) 4 gkTla pf - = 12...k, then it is clear
that o7 (v) € SZV(?’zl), for all v satisfying (4.2). Thus, since the map taking
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o€ Abmilion gl ¢ v(o) satisfies (4.3), and the map taking v satisfying
(4.2) to o7 (v) is injective, it follows that

(4.5) |52vE2D o Ak Tbe| = |y e S Ly, =1}, =1k
Now consider any of the other 7 € SZV(321). Since 7 has a decreasing

(321), all of the numbers

subsequence of length 2, in order to have o7 (v) € Sy’
{1,---,1 — 1} must appear among the first a — 1 positions of v, and all the
numbers {41, - - n—k-+1} must appear among the last n—a—k+1 positions
of v. This is possible only if @ = [. If indeed a = [, then o7 (v) € Sav(321) i
and only if the first [ —1 positions of v are filled in a 321-avoiding way by the
numbers {1,--- ,/—1} and the last n — [ — k+ 1 positions of v are filled in a
321-avoiding way by the numbers {{+1,---n —k+ 1}. (The one remaining
position, position a, is by assumption filled by the number [.) Thus, again
because the map taking o € AR 526G 16 1 (o) satisfies (4.3), and the
map taking v satisfying (4.2) to o7 (o) is injective, it follows that

(4.6)

Cr-1Cn—1—k+1, a =1

’52V(321) N Aﬁ,‘r;l;a’ _ for 1---k 7& _ SZV(321)~

0, a #1.

Summing (4.5) and (4.6) over a € {1,--- ,n — k + 1}, we obtain

(47 ’ng(321) “ Aﬁ’“l\ _ Crnky1, T=1---k;

Ci_1Cp_i—ps1, 1 k#TE SZV(BQD.

From (4.7), we conclude that (4.1) holds. O

5. PROOF OF THEOREM 3

With just one change, we follow the construction appearing in the proof
of Proposition 5 above, from the beginning of the proof up until but not

including the paragraph containing (4.5). The one change is that wherever

S;agf(SZl) Sg;f(m,--~ )

appears, for some m € N, it needs to be replaced by
(Therefore, the two examples appearing in the construction also needed to be

amended.) Thus, in the sequel, whenever we refer to equations appearing in
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(321) .

. av .
the above noted construction, any appearance of Sy, in such an equation

must be changed to Sﬁ;’(m’""m)

. As in the proof of Proposition 5, we now
investigate when in fact o7 (v) € gavlm.- ’m), or equivalently in light of (4.4),
when o™ (v) € S A ARTES T fact, this holds for all 7 € Szv(m’m )
Indeed, since by (4.2), v € SZ\L(ZL 7771”)’ and since 7 € Szv(m’m ’n’“), it follows
from the definition of o7 (v) that if o7 (v) ¢ gavlm.- ,m), then for some i € [r]
and some 2 < jo < k — 1, 07(v) contains the pattern n; and exactly jo of
the numbers in {og(v), -+ ,07 . (v)} = {l,---,l +k — 1} are used in
the construction of the pattern 7;. But then it would follow that n; has a
nontrivial block of length jg, which contradicts the assumption that 7; is
simple.

Since for all T € Szv(m’m’m), we have o7 (v) € Sﬁv(m’m’m) N Aﬁ’ﬂl;a, and
since the map taking o € AT gavlm=ne) ¢, v(o) satisfies (4.3), and

the map taking v satisfying (4.2) to o7 (v) is injective, it follows that

(5.1) |SmOme ) gkTite) |y e g2 gy
Summing (5.1) over a € {1,--- ,n — k + 1}, we obtain
(5.2) | Gavim ) o gkl = | ’Zv—(lz-ll-’.l“ﬂ%”'

From (5.2), we obtain

av( Ty 7‘)
av(n, ) ( ARy ’Sn_]?gj_l K ‘

s
(We note that this construction leading to (5.3) is similar to a construction
in [1].) Since
n—k+1
Eavmme) N (kT) — Z pavim ) ( gkoily,
=1
(1.17) follows from (5.3), and then (1.18) follows by summing (1.17) over
7 e gprmrr), O
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