THE SECRETARY PROBLEM WITH NON-UNIFORM
ARRIVALS VIA A LEFT-TO-RIGHT MINIMUM
EXPONENTIALLY TILTED DISTRIBUTION

ROSS G. PINSKY

ABSTRACT. We solve the secretary problem in the case that the ranked
items arrive in a statistically biased order rather than in uniformly ran-
dom order. The bias is given by the left-to-right minimum exponentially
tilted distribution with parameter ¢ € (0, 00). That is, for o € Sy, Pn(0)
is proportional to ¢"“Fn (),
LR,, is defined by

where the left-to-right minimum statistic

LR, (c)={j€n]:0; =min{o;: 1 <i<j}}|, 0 € Sn.

For g € (0,1), higher ranked items tend to arrive earlier than in the case
of the uniform distribution, and for g € (1, 00), they tend to arrive later,
where the highest ranked item is denoted by 1 and the lowest ranked item
is denoted by n. In the classical problem, the asymptotically optimal
strategy is to reject the first M, items, where My ~ %, and then to
select the first item ranked higher than any of the first M,; items (if such
an item exists). This yields e~ ! as the limiting probability of success.
With the above bias on arrivals, we calculate the asymptotic behavior
of the optimal strategy M, and the corresponding limiting probability

of success, for all regimes of {gn }5n=1. In particular, if the leading order

1

Tog and if also its order

asymptotic behavior of {gn}nz; is at least

is no more than o(n), then the limiting probability of success when

using an asymptotically optimal strategy is e™'; otherwise, this limiting

probability of success is greater than e!. Also, the limiting fraction of
M

numbers, lim, . —2, that are summarily rejected by an asymptotically

n

optimal strategy lies in (0, 1) if and only if lim,— 0 gn € (0, 00).

1. INTRODUCTION AND STATEMENT OF RESULTS

In a recent paper [13] we analyzed the secretary problem in the case

that the order of arrival is biased by a Mallows distribution. The family
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of Mallows distributions is obtained by exponential tilting via the inversion
statistic, which introduces a bias whereby smaller numbers tend to appear
earlier and larger numbers tend to appear later (if the parameter ¢ € (0,1))
or vice versa (if the parameter ¢ > 1) than in the uniform case. In this
paper we study the secretary problem with a different bias, obtained by
exponential tilting via the left-to-right minimum statistic. This latter tilting
also creates a bias whereby smaller numbers tend to appear earlier and larger
numbers tend to appear later (if the parameter ¢ € (0,1)) or vice versa (if
the parameter ¢ > 1) than in the uniform case. It turns out that the
secretary problem with bias via the left-to-right minimum statistic yields a
richer array of behavior than in the case of the Mallows distribution, and
the proofs of the results require a considerably more delicate analysis than
in the case of the Mallows distribution.

Recall the classical secretary problem: For n € N, a set of n ranked
items is revealed, one item at a time, to an observer whose objective is to
select the item with the highest rank. The order of the items is completely
random; that is, each of the n! permutations of the ranks is equally likely.
At each stage, the observer only knows the relative ranks of the items that
have arrived thus far, and must either select the current item, in which case
the process terminates, or reject it and continue to the next item. If the
observer rejects the first n — 1 items, then the nth and final item to arrive
must be accepted. Denote by S(n, M,), for M, € {0,1,--- ,n — 1}, the
strategy whereby one rejects the first M,, items and then selects the first later
arriving item that is ranked higher than any of the first M,, items (if such an
item exists). As is very well known, asymptotically as n — oo, the optimal

strategies S(n, My;) are those for which M;; ~ 2, and the corresponding

limiting probability of successfully selecting the item of highest rank is e~!.
Over the years, the secretary problem has been generalized in many di-
rections. For the secretary problem in its classical setup, but with items
arriving in a non-uniform order, see [6, 10, 9] as well as [13]. See [7] and [8]
for some variations of the classical setup with items arriving in non-uniform
order. See [2] for a different approach to the secretary problem. See [5, 4] for
a history of the problem and some natural variations and generalizations.
We now define the distribution obtained by exponential tilting via the
left-to-right minimum statistic. For a permutation o € S, a number j € [n]

satisfying o; = min{o; : 1 <14 < j} is called a left-to-right minimum for o;



SECRETARY PROBLEM WITH NON-UNIFORM ARRIVALS 3

note that a left-to-right minimum denotes the location of a minimum and
not the value of a minimum. The left-to-right minimum statistic LR, is
defined by

LR, (¢) ={j € [n] : 0j =min{o; : 1 <i < j}}|, o € Sp.

For each ¢ > 0, define the left-to-right minimum exponentially tilted distri-
bution Pr™  on S, by

P (g) = 4

where
(1.1) ¢ i=qlg+1)---(g+n—1)

is the raising factorial. The fact that ¢(™ is the correct normalization con-
stant follows from the constructions in section 2.

Before presenting our results on the secretary problem, we present a sim-
ple result concerning the behavior of the expectation of the left-to-right
an

- - LR- . .
minimum statistic under P, for various regimes of {g,}5° ;.

Proposition 1. i. Let ¢, = o(——). Then

logn

lim EM LR = 1.

n—oo

ii. Let limy, o0 gn logn = ¢ € (0,00). Then

lim EFR SRS =1+

n—oo

iit. Let limy, o0 qnlogn = oo and g, = O(1). Then
ELE S LR ~ g, logn.

iv. Let g, — 0o and g, = o(n). Then

n+qn
1+qn

ELESan LR ~ g, log
In particular, if g, ~ ecn®, with ¢ > 0 and o € (0,1), then
B LR ~ (1 — a)n®logn.
v. Let q, ~ cn, with ¢ > 0. Then

- 1
B LR ~ c(log e

mn.
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0, if ¢ — 0;
In particular, c(log %) - !

1, if ¢ = .
vi. Let lim, oo 1 = co. Then

LR™iqn 1 p—
i Dy LR, ~n.

For any permutation, the right-most location of a left-to-right minimum
is the location at which the number 1 appears. In light of this, it is intuitive
from the definition of the distribution and from Proposition 1 that when
q € (0,1) there is a tendency for the number 1 to appear early and when
g > 1 there is a tendency for the number 1 to appear late. In fact, for
1 < j, an exponentially tilted distribution via the left-to-right minimum
statistic has a greater effect on the placement of the number ¢ than on the
placement of the number 7, and in particular, it has the greatest effect on the
placement of the number 1. This tendency can be understood much more
explicitly from the first of two constructions of Pr™ % given in section 2.
In that construction, a random permutation distributed as P,IL‘ R75an i built
location by location, starting with the nth and final location, and moving
backward one location at a time. The probability that any number j is
placed in the final location is the same for all j € [n] — {1}, but is ¢ times as
much for j = 1. Using induction, let m € {1,--- ,n — 2}, and assume now
that the locations n,n — 1,--- ,n —m + 1 have already been filled, say by
numbers {7 };_, ... Then every number in [n] —{ix};_,_,, ., except for
the smallest one of them, has the same probability of appearing in location
n—m, while the smallest of them has ¢ times as much probability to appear
there. In the final step, location 1 is filled by the one remaining number.

In light of the discussion in the above paragraph, as we turn now to the
secretary problem, our convention will be that the number 1 represents the
highest ranking. Thus, for ¢ € (0,1), there is a tendency for the highest
ranked item to arrive earlier than in the case of the uniform distribution,
while for ¢ > 1, their is a tendency for it to arrive later.

If the order of arrival of the items is biased via the left-to-right min-
imum exponentially tilted distribution Pr™ 7 with parameter ¢ > 0, let
PL(S(n, M,)) denote the probability of successfully selecting the item of
highest rank when employing the strategy S(n, M,,), which was defined in

the second paragraph of the paper. The following theorem determines the
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asymptotically optimal strategies S(n, M;*) and the corresponding limiting

probability of success, for all regimes of {g,}7 ;.

Theorem 1. i. Let ¢, = o

loén)' Then the asymptotically optimal strategy

is S(n, M), where M} = 0. (That is, the optimal strategy is to choose the

first item.) The corresponding limiting probability of success is
lim PI(S(n,M))) = 1.
n—o0

1. Let qp ~ with ¢ € (0,1). Then the asymptotically optimal strategy

(6]
logn’
is S(n, M), where M} = 0. (That is, the optimal strategy is to choose the

first item.) The corresponding limiting probability of success is

lim PI(S(n,M))) =e °.

n—oo

1ie. Let qpn ~ @. Then the asymptotically optimal strategies are S(n, M),
where M* =k, for alln € N, where k € Z is arbitrary, orlim,_,, M} = oo
log M}
logn

and lim,,_, = 0. The corresponding limiting probability of success is

. q * _ -1
nl;rgopn(S(n, M) =e".

w. Let qp satisfy limg,—o0oqn = 0 and lim,_,, q, logn > 1. Then the asymp-

totically optimal strategies are S(n, M), where qnlog §7 ~ 1. (If g ~

log M} _ -1 . .
ogn. = ¢ and in particular, one can choose

_c
logn

with ¢ > 1, then lim,_ s

My ~ nl=e .) The corresponding limiting probability of success is
lim P4(S(n, M})) =e L.
n—oo

v. Let limy 00 gn = q € (0,00). Then the asymptotically optimal strategies
are S(n, M), where

1
M) ~ne a.

The corresponding limiting probability of success is
lim P4(S(n, M})) =e L.
n—oo

vi. Let g, — o0 and g, = o(n). Then the asymptotically optimal strategies

is S(n, M), where
n
n— M~ —.
S
(In particular, if ¢, ~ cn®, with a € (0,1), then n — M} ~ n’

—Q

.) The

C
corresponding limiting probability of success is

. q * _ -1
nILIEOPn(S(n, M) =e".
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vii. Let qn, ~ cn, with ¢ € (0,1). Then the asymptotically optimal strategy
is S(n, M), where

1 1
(1.2) M) =n-L, ifzgc<ﬁ, where 2 < L € N.
The corresponding limiting probability of success is
. " cL 1 1

In particular,

lim P4(S(n, M})) > e L.

n—ro0
viti. Let g, ~ cn, with ¢ > 1. Then the asymptotically optimal strategy is
S(n,M}), where M) =n—1. (That is, the optimal strategy is to choose the

last item.) The corresponding limiting probability of success is

) q sy C

1. Let limy, 00 %" = 00. Then the asymptotically optimal strategy is S(n, M),
where M =n—1. (That is, the optimal strategy is to choose the last item.)

The corresponding limiting probability of success is

nan;oPSL(S(n, M) =1.
Remark 1. The fact that the optimal asymptotic probability of success is
always at least % can be explained by a result of Bruss [2]. For n € N, let
{I;}7_, be a sequence of independent indicator functions, which are observed
sequentially. The observer’s objective is to stop at the last k for which
Il = 1. Let p; denote the probability that I; = 1. One of the results of
that paper is that an optimal strategy as n — oo yields an optimal limiting
probability of at least %, for all choices of {p; };“;1 This result of Bruss can
be applied to the classical secretary problem. Indeed, let I be equal to 1 or
0 according to whether or not the kth item is the highest ranked item among
the first k items. It is easy to check that the {I}}}_, are independent under
the uniform distribution. It turns out that this independence also holds
under the distributions Py (as well as under the Mallows distributions
RI;R—;q

mentioned above). The proof of this independence for is given in

section 2.

Remark 2. Note that if the leading order asymptotic behavior of {g,}°°

is at least -_—, and if also its order is no more than o(n), then the limiting

1
log
probability of success when using an asymptotically optimal strategy is e~
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otherwise, this limiting probability of success is greater than e~!. Note
also that the limiting fraction of numbers, lim,, .o %, that are summarily
rejected by an asymptotically optimal strategy lies in (0, 1) if and only if

limy, 00 ¢, € (0, 00).

Remark 3. Note the following asymmetry with respect to the cases where
an optimal strategy is M = k, for fixed k£ € N, and the cases where the
optimal strategy is My =n — L, for 2 < L € N. For k € N, the strategy

M} = k is optimal when ¢, ~ in which case the limiting probability

of success is e 1.

TGem?

However, for such g, this strategy M, = k is not the

unique optimal strategy. On the other hand, for 2 < L € N, the strategy

M} = n — L is optimal when g, ~ cn, where % <c< ﬁ This strategy

is the unique optimal strategy for such ¢,, and the limiting probability of
cL

: -1
success 18 d+o)r >e .

Remark 4. As noted in the introduction, the secretary problem with bias
via a Mallows distribution was analyzed in [13]. The Mallows distributions
PMa9 16 obtained by exponential tilting via the inversion statistic I,
which is defined by I,,(0) = 37 <; i<y loj<oss for o € Sy, Thus, Pyl (o)
is proportional to ¢/(?). There are a variety of ways to see that tilting via
the inversion statistic has a stronger effect than tilting via the left-to-right
minimum statistic. In terms of the secretary problem, this can be seen from
the fact that the limiting probability of success with left-to-right minimum
tilting is e~! as long as {g,}3%; behaves like o(n) and is at least as large
as loén' However, as seen in [13], for constant ¢, = ¢ # 1, the limiting
probability of success is larger than e~

The following theorem gives the exact formula for Pj(S(n, M,)), for any
n,q, M.

Theorem 2. Forn € N and q > 0,
(1.4)

My ! 1 -1 .
q n (MLTL!H”*1 (l+q)) Z?:Mn %7 Mn € {17 , N — 1},

I=Mnp,

(n—1)! _
o (+g) Mn =0.

Pa(S(n, My)) =

The number s(n,j) of permutations of S, with exactly j left-to-right
minima coincides with the number of permutations of S,, with exactly j

cycles. The numbers {s(n, j)} are called the unsigned Stirling numbers of the
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first kind. A proof of this equivalence can be given by showing that the two
quantities above satisfy the same difference equation and the same boundary
conditions. An alternative proof is via the explicit bijection provided by
Foata’s Transition Lemma [3]. This bijection maps permutations with j
cycles to permutations with j left-to-right minima. (Actually, using the
definition of canonical cycle notation as presented in [3], permutations with j
cycles are mapped to permutations with j left-to-right-maxima, but one can
easily adjust the definition of canonical cycle notation so that permutations
with j cycles are mapped to permutations with j left-to-right minima.)

The well-known Ewings sampling distributions are the family of distri-
butions on S, obtained by exponential tilting via the cycle statistic. That
is, the probability of any ¢ € S, is proportional to ¢®¥»(?), where cyc,, (o)
denotes the number of cycles in o. It then follows that the distribution
PMR g the push-forward distribution obtained from the Ewings sampling
distribution with parameter g via the bijection from the Transition Lemma.

In order to prove Proposition 1 and Theorem 1, it will be essential to
have a so-called online construction of a random permutation distributed as
PR Such an online construction for the Ewens sampling distributions
can be obtained by a minor tweaking of the classical Feller construction that
builds a uniformly random permutation cycle by cycle [1, 11]. However,
combining this construction with the push forward defined above does not
yield a useful tool for proving Proposition 1 and Theorem 2. In section 2
we give two useful online constructions of a random permutation distributed
according to a left-to-right minimum exponentially tilted distribution. The
first one will be used to prove Proposition 1 and Theorem 2, and the second
one will be used to establish the independence noted in Remark 1 after
Theorem 1.

We prove Proposition 1 in section 3. We prove Theorem 2 in section 4,

and then use it to prove Theorem 1 in section 5.

2. ON-LINE CONSTRUCTIONS OF LEFT-TO-RIGHT MINIMUM
EXPONENTIALLY TILTED DISTRIBUTIONS

We describe two online methods for constructing a random permutation
1™ distributed as PPR . Fix ¢ > 0. The first construction builds the

permutation location by location, starting with the right-most location. For
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each m € N, define the distribution p{™ on [m] by

4 i=1;
(2.1) p =g
m, 1= 2, e, M.

Fix n € N. To construct the random permutation 1™ = Hgn)Hgn) e H;”),
distributed as PY R_;q, make n independent samples, one from each of the

distributions {p"™}" _,. For m € [n], denote by x,, the number obtained in

51")711@17”‘ ’Hg;}rl

have already been defined, let H%L) = U, (Km), where ¥,, is the increasing

sampling from p(™). Define H%”) = Kn. Now inductively, if IT

bijection from [m] to [n] — {H,(fn)}z:m 41~ Thus, for example, if n = 8 and
we sample kg = 2, k7 = 6,k = 1,65 = 4, k4 = 2, k3 = 2, k9 = 1,k = 1,
then I1(®) = 83546172. By construction, the random permutation II(™ has a

left-to-right minimum at location m if and only if k,, = 1. Thus, from (2.1),

R (@)
pr

for any o € S,,, the probability that II") = ¢ is equal to > Where g

is as in (1.1).

The above construction of a random permutation is a minor adaptation
of the so-called p-shifted construction of a random permutation. See, for
example, [14] and [12]. From Proposition 1.7 and Remark 3 following it in
[12], it follows that a p-shifted random permutation can also be constructed
in a useful alternative fashion. This leads to the second construction of a
random permutation II(™ with a left-to-right minimum exponentially tilted
distribution. Let {Y;,}>°_, be a sequence of independent random variables
with
(2.2) P(Yy = ) = 1 I =0

1 .
m, j:1,,m—1

Consider now a horizontal line on which to place the numbers in [n]. We
begin by placing down the number 1. Then inductively, if we have already
placed down the numbers 1,2,--- ,m — 1, the number m gets placed down
in the position for which there are Y, numbers to its left. For example, for
n=8 ifYo=1,Y3=0,Y,=1,Y;=1,Y; =3, Y7 =5, Yg =7, then we
obtain the permutation TI®) = 83546172. By the construction, for m € [n],
the location of m in the random permutation I will be a left-to-right

minimum for the random permutation I if and only if Y;, = 0. Thus,
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from (2.2), it follows that for any ¢ € S, the probability that II(") = ¢ is
equal to %

We use this second construction now to prove the independence noted in
Remark 1 after Theorem 1. We want to prove that for any n € N, the events
{c € 8, : 0y, = min(o1, -+ ,0m)},m = 1,--- ,n, are independent under
PR (The event {0 € S, : 0y, = min(oy, -+ ,0m)} is the event that m is
a left-to-right minimum for ¢.) It is easy to show that the number of left-
to-right minima in a permutation coincides with that of its inverse; that is,
LR, (0) = LR, (07 1), 0 € S,,. From this fact along with the definition of the
exponentially tilted measure, it follows that if ¢ is distributed according to
PR then o1 is also distributed according to PrY 7. Consequently, to
prove the independence of the above events under Pf; Ri;q, it suffices to prove

O-'I;Ll = min(afl, e ’OT_YLI)})m =

the independence of the events {o € S,
1,---,n, under Py™ % The event {o € S, : 0, = min(o7 ", - ,0;,1)} is
the event that in the permutation o, the number m appears to the left of
the numbers 1,--- ,m — 1. Thus, from the second construction, this event
is the event {Y;, = 0}. This completes the proof since the {Y,,}I _, are

independent.

3. PROOF OF PROPOSITION 1

We use the first online construction in section 2 and employ the notation

from there. Under the distribution PLRi;q a left-to-right minimum occurs

at position j if and only if x; = 0, which occurs with probability

Jj— 1+q
Therefore
n q n—1 q
3.1 EMRTanpR- =" 1 14 . LU
( ) " " z;]lJFQH »71]+Qn
J= j=
We have
n 1 n—1

o< z

S U x+q 1]+Qn
from which it follows that

n—1

(3.2) qnlogn_1+Qn < dn < n—1+gq, Adn dn

I+agn ~Hi+an l+gn  l+gn n+dn

Parts (i)-(v) follow almost immediately from (3.1) and (3.2). Part (vi) fol-

lows from (3.1) and (3.2) and the fact that log ™+ Hq" = log(1+ 1+qn) ~

for g, as in part (vi). O
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4. PROOF OF THEOREM 2

Let 0 = 0109 - - 0, € Sy, represent the rankings of the n items that arrive
one by one. That is, o; is the ranking of the jth item to arrive. Recall
that our convention is that the number 1 represents the highest ranking.
First consider the case M,, = 0. The strategy S(n,0) will select the highest
ranked item if and only if o1 = 1. We use the first online construction in
section 2, and employ the notation from there. The event {07 = 1} occurs
if and only if x; # 1, for [ = 2,--- ,n. Thus

- [—1
PR (o = 1) =[] o

This gives (1.4) for the case M,, = 0.

From now on, assume that M, > 1. Then the strategy S(n,M,) will
select the highest ranking item if and only if for some j € {M,, +1,--- ,n},
one has 0; = 1 and min(oy, -+ ,0-1) = min(oy, -+ , oM, ). So
(4.1)

n
PUS(n, M,)) = > P (o; = 1,min(oy, -+ ,05-1) = min(oy, -+ ,oar,)).
j=Mp+1

We continue to use the first online construction in section 2, and to employ

the notation from there. The event {o; = 1} occurs if and only if x; #

1, for il = j+1,---,n and k; = 1, while the event min(oy,---,0,-1) =
min(oq,--- ,0p7,) occurs if and only if k; # 1, for | = M, +1,---,5 — 1.
Thus,

PTI;Ri;q(Uj = 1,min(oy,- -+ ,05-1) =min(oy, -+ ,0Mm,)) =
n j—1
I-1 q ! -1
4.2 ( H _ )( T )( H _ ) =
(4.2) et S M A B KIS vl Bl B
q(n—1)! 1
(G =DMy = gy, (=14 q)
Now (1.4) follows from (4.1) and (4.2). O

5. PROOF OF THEOREM 1

To prove the theorem, we perform an asymptotic analysis on (1.4) with
q = qn- We begin with the estimates that are needed to analyze the cases
(v)-(ix), in which {g,}"2, is bounded away from zero. Then we prove cases

(v)-(ix) of the theorem. After that we prove some additional estimates that
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are needed for the cases (i)-(iv), in which lim, s ¢, = 0. And then we
prove cases (i)-(iv) of the theorem.
Using the well-known fact that

n

1 1

E - =logn + v+ O(—), where v is the Euler-Mascheroni constant,
— j n

Jj=1

we have
n—1
1 n 1

5.1 - =log— 4+ O(—).
(5.1) 3 =g+ Oy
We write

n! 1 L l
(5.2) — = -

M,! ?:Al/[n(l + qn) zzj\l/gﬂ l—1+qy

Using the Taylor expansion

1
(5.3) log(14+2z) =2 — 5%362, for > —1, where ¢, € (0,1),

and using (5.1) for the final equality, we have

log [] 1t > log(1+qnl_1):

=My +1 =My +1
N g —1 1 (gn—1)?
(5-4) Z ( I 9T 2 ) =
=My +1
n gn —1 9, 1 1
(gn — 1)10gﬁn +O( M, )+ O((gn — 1) (E - ﬁ))v

where ¢g, ; € (0,1). From (5.2) and (5.4), we have
(5.5)

n! 1 M, . =1 1 1
ML (ray ~ e (00 0l =1 G = ).

From (1.4), (5.1) and (5.5), we have
(5.6)
P (S(n, My)) =
n 1 1 1

() (log 77 + O exp (02 + O((an = VA5 — 1))

if M, > 1.
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Using the inequality 1 — z < e %, for x > 0, we also have

(5.7)

ﬁ [ 1l+ - ﬁ (1= qn1_+1 ) < exp (=(an—1) z”: - 11+ )
I=Myp+1 In i, n I+ M 41 n
From (5.1), it follows that
(5.8)

= 1 n M,

Z ———— > (>0, if lim dn <c<ooand lim — <z, forz € (0,1).

l—1+qy, ’ n—oo M n=soo
I+ M +1
From (1.4), (5.1), (5.7) and (5.8), we have
(5.9)
P (S(n, My)) < qn%(log - + O(i)) exp(—Cy.c(gn — 1)), where Cp . >0
" ’ —n M, M, ’ ’ ’ ’

n . M,
if lim & <¢<ooand lim — <z, for x € (0,1).

n—oo N n—oo 1
We now use the above results to prove parts (v)-(ix). We begin with part
(v). It is easy to see that without loss of generality we can assume that

¢n = q is independent of n. If lim,, % =z € [0, 1], then from (5.6),

—qxtlogx, if z € (0, 1];

lim PI(S(n,M,)) =
n—00 0,if 2 = 0.

The function —qz?logx, for x € (0,1], attains its maximum value e~! at
2z = e . This completes the proof of part (v).

We now prove part (vi), where we assume that ¢, — oo and ¢, = o(n). It
follows from (5.9) that if lim,, % < 1, then lim, o Pi"(S(n, My,)) = 0.

Thus, we assume that lim,, % =1 and write

(5.10) M, =n —yy,, where 1 <y, = o(n).
Then from (5.6), we have
n n 1

PAS(n, My)) = gu(1 = 2 (log(1 + ) + O())e"") =
(5.11) y ) n = Yn n

(1 — Z2yan (22 1)) D)

gn(1 = "2)™ (2% +o(1))e
From (5.11), it follows that

. q _ —z . . Qnyn _

(5.12) nh_}ngopn(S(n, M,)) = ze ?, if nh_)rgo =€ [0, 00).

The function ze~? attains its maximum value of e~! at z = 1. This completes

the proof of part (vi).
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We now turn to parts (vii) and (viii) together, where ¢, ~ cn, for some
¢ > 0. In this case too it follows from (5.9) that if lim, % < 1, then
lim,, 00 Pi"(S(n, My,)) = 0. Thus, we may assume that M, satisfies (5.10).
Then from (5.7), we have

n
l
(5.13) H —— < e % for some a > 0.
l:M7z+1 l - 1 + Qn

And from (1.4), (5.1) and (5.13), we have

(5.14)
n 1

M, _ n _
P;]L(S(n, Mn)) S an(log ﬁ + O(ﬁ))e ayn ~, C’n/(% + 0(1))6 ayn'

From (5.14), it follows that lim,, o, P2 (S(n, M,)) = 0, if lim, 00 yn = 00.

Thus, we may assume now that
(5.15) M,=n—-L, LeN.

From (1.4), we then have

cL

(5.16) PI(S(n, My)) ~ en(1 + c)*L(g) - T

One has (1JC£)L > (ICSLLC;FLIL if and only if ¢ > +. This shows that if ¢ € (0,1),
then the optimal strategy is with M as in (1.2), and the limiting probability
of success is as in (1.3). It also shows that if ¢ > 1, then the optimal strategy
is with M = n — 1 and the limiting probability of success is 1%% This
completes the proof of parts (vii) and (viii), except for the claim in (vii)
that limy, 0o PA(S(n, M) > e~ L.

We now prove this last claim. One can show that for fixed 2 < L € N,
the expression on the right hand side of (1.3), considered as a function of
ce [%, ﬁ] attains its maximum value at the right hand endpoint, where

~(2=1. The claim is proved by noting that (1 + 1)”

it is equal to (1 + 727)
increases to e as n — oo.
Finally, we turn to part (ix). The proof of this part follows from part (vi)

of Proposition 1.
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We now turn to the additional estimates needed to treat the cases in
which lim,,,~ ¢, = 0. From (1.4), for M} =0,

(5.17)
n—1 n—1
dn 1 2
og E ogH ;:1 og( an) q ;:1 o (a7)

— qnlogn + O(qy), if lim ¢, =0.
n—oo

For fixed M € N, we have

n n—1
I=1+qn M+ qp qn
I=M+1 I=M+1

Also, using (5.3) and (5.1), we have

(5.19)
n—1 q n—1 q n—1 1 2 n—1 Co 1
ny n an qn,t __
og [[ A+7)= > logl+)=a >, ;-5 D, 5 =
I=M+1 I=M+1 I=M+1 I=M+1

gn(logn +O(1)) + O(q3) = gnlogn + O(gn), if lim g, =0,
where ¢, ; € (0,1). From (5.2), (5.18) and (5.19), we have

n! 1 nl=dn

520 MUt ) M

, if lim ¢, =0, for M € N.
n—oo

From (1.4), (5.1) and (5.20), we have

(5.21)
M n an n 1
qn /\/1 ~ — ) ~ an — —qn

if lim ¢, =0, for M € N.

n—o0

logn
)

From (5.6), we have

Ajn n n o log "
P (S(n, My)) ~ gn(—2)? log — = (g, log ——)e "8 M|
(5.22) n M, M,

if g, is bounded and le M, = oo

We now prove parts (i)-(iv). We begin with part (i), where g, = 0(10;1).

From (5.17), (5.21) and (5.22), and the fact that the function ze™* attains
its maximum at x = 1, it follows that the optimal strategy is S(n, M,"), with

M =0, and the limiting probability of success is 1. (Alternatively, part (i)

follows from part (i) of Proposition 1.)
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We now turn to part (ii), where g, ~ with ¢ € (0,1). If we choose

M,, = M to be fixed, then by (5.21),

_c
logn?

(5.23) Pin(S(n, M)) ~ ce” .

If we choose M, such that lim,_,~ M, = oo, then from (5.22),

log M,
logn

an —e(1—95)
(5.24) Pin(S(n,M)) ~ ¢(1 )e sn )

If ¢ € (0, 1), the function H.(z) = ¢(1 —z)e~“1=*) attains its maximum over
x € [0,1] at x = 0, where it is equal to ce™¢. Thus, from (5.24),

(5.25) limsup PI"(S(n, M,)) < ce™“.

n—oo

On the other hand, from (5.17),

(5.26) lim Pl (S(n,0)) =e “.

n—o0

From (5.23), (5.25) and (5.26), if follows that the optimal strategy is S(n, M),

C

with M, = 0, and the limiting probability of success is e™°.

1

oz The analysis above for

We now turn to part (iii), where ¢, ~
part (ii) goes through just as well when ¢ = 1. Thus, from the previous

paragraph we conclude that the optimal strategies S(n, M) are those with

. . . log M,
M} =k € Z* or lim,_y0o M} = 0o with lim,, 00 %

probability of success is e 1.

= 0, and the limiting

We now turn to part (iv), where lim,,_,~ ¢, = 0 and lim,,_,~ ¢, logn > 1.
From (5.17), (5.21) and (5.22), and the fact that the function ze™" attains

its maximum at x = 1, it follows that that optimal strategies are S(n, M),

where ¢, log Min ~ 1, and the limiting probability of success is e~?.

O
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