TWO MEASURES OF EFFICIENCY FOR THE
SECRETARY PROBLEM WITH MULTIPLE ITEMS AT
EACH RANK

ROSS G. PINSKY

ABSTRACT. For 2 < k € N, consider the following adaptation of the
classical secretary problem. There are k items at each of n linearly
ordered ranks. The kn items are revealed, one item at a time, in a
uniformly random order, to an observer whose objective is to select an
item of highest rank. At each stage the observer only knows the relative
ranks of the items that have arrived thus far, and must either select
the current item, in which case the process terminates, or reject it and
continue to the next item. For M € {0,1,--- ,kn — 1}, let S(n, k; M)
denote the strategy whereby one allows the first M items to pass, and
then selects the first later arriving item whose rank is either equal to
or greater than the highest rank of the first M items (if such an item
exists). Let Ws(n,k;nm) denote the event that one selects an item of
highest rank using strategy S(n, k; M) and let Py x(Ws(n,k;0)) denote
the corresponding probability. We obtain a formula for P, x(Wsn,x;n))s
and for limn oo Prk(Ws(n ki), When M, ~ ckn, with ¢ € (0,1).
In the classical secretary problem (k = 1), the asymptotic probability
of success using an optimal strategy is i ~ 0.368. For k = 2, the
asymptotic probability of success using an optimal strategy from the
above class is about 0.701. For k = 7, that probability already exceeds
0.99. In the problem with multiple items at each rank, there is an
additional measure of efficiency of a strategy besides the probability of
selecting an item of highest rank; namely how quickly one selects an item

of highest rank. We give a rather complete picture of this efficiency.

1. INTRODUCTION AND STATEMENT OF RESULTS

Recall the classical secretary problem: For n € N, a set of n linearly
ranked items is revealed, one item at a time, to an observer whose objective

is to select the item of highest rank. The order of the items is uniformly
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random; that is, each of the n! permutations of the ranks is equally likely.
At each stage, the observer only knows the relative ranks of the items that
have arrived thus far, and must either select the current item, in which
case the process terminates, or reject it and continue to the next item. If
the observer rejects the first n — 1 items, then the nth and final item to
arrive must be accepted. For M € {0,1,--- ,n — 1}, let S(n; M) denote the
strategy whereby one lets the first M items pass, and then selects the first
later arriving item that is ranked higher than all of the first M items (if
such an item exists). As is very well known, asymptotically as n — oo, the

n

optimal strategy is S(n; My), where M,, ~ 2, and the limiting probability
of successfully selecting the item of highest rank is é ~ 0.368.

In this paper, we extend the secretary problem to the case that there are
multiple items at each rank. Fix an integer 2 < k € N. For n € N, consider
n linearly ordered ranks and kn items, with k items at each rank. The
kn items are revealed, one item at a time, to an observer whose objective
is to select an item of highest rank. The order of the items is uniformly
random. At each stage the observer only knows the relative ranks of the
items that have arrived thus far, and must either select the current item,
in which case the process terminates, or reject it and continue to the next
item. Thus, the problem is equivalent to the problem of revealing the items
one by one in a uniformly random permutation of the set U, UF_, {i;},
which consists of k repetitions of each number ¢ € [n]. The permutations
of this set will be denoted by S, ;. (Of course, S, is equivalent to Sy,
the set of permutations of [nk].) Each permutation in S, j, has nk positions.
Here and in the sequel, the items are always revealed according to the left
to right order of their positions in the permutation. The items {nl}le are
considered the items of highest rank.

In the classical secretary problem, there is only one measure of efficiency;
namely the probability of selecting the item of highest rank. In the problem
at hand, there is an additional measure of efficiency; namely how quickly one
selects an item of highest rank. Indeed, as we shall see, this latter measure of
efficiency becomes the dominant one because for all but the first few values
of k, the class of strategies we consider is capable of selecting an item of

highest rank with probability extremely close to one.
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We consider a class of strategies of a form similar to, but slightly different
from, the above mentioned strategies in the classical secretary problem. For
0 < M < nk, denote by S(n, k; M) the strategy whereby one allows the first
M items to pass, and then selects the first later arriving item whose rank is
either equal to or greater than the highest rank of the first M items (if such
an item exists).

The paper [5] considered a different and more intricate class of strategies
for the secretary problem considered here, in the case that k = 2, and these
strategies can in fact be defined for any k, as we now describe. For 0 < R <
n, let T(n,k; R) denote the strategy whereby one lets items pass until at
least one item has occurred from R of the n different ranks. After that, one
selects the first item to occur that satisfies the following two criteria: (1)
k — 1 items of the same rank as the current item have already passed; and
(2) the rank of the current item is larger than or equal to the rank of every
item that has preceded it. If these two criteria never occur, then one fails.

It is intuitively clear that an optimal choice of strategies from the class
T (n, k; R) will yield a higher probability of selecting an item of highest rank
than will an optimal choice of strategies from the class S(n, k; M'). However,
as already noted, for all but the first few values of k, the optimal strategy
from the class S(n, k; M) already yields probabilities extremely close to one.
We will show that the class of strategies S(n, k; M) is overwhelmingly more
efficient than the class 7 (n, k; R) from the point of view of how quickly an
item of highest rank is selected.

Before presenting our precise results, we give a simple argument that
shows that under an optimal strategy, the probability of selecting an item
of highest rank is at least 1 — (%)k_l, and thus very close to 1 for all but
the first few values of k. For ¢ € (0, 1), consider the strategy S(n, k; [ckn]).
That is, one let’s the first [ckn] items pass and then selects the first item
whose rank is either equal to or greater than the highest rank of the first
[ckn] items. This strategy automatically produces an item of highest rank
unless either all k items of highest rank happen to be among the first [ckn]
items, in which case it does not produce an item of highest rank, or none
of the k items of highest rank happen to be among the first [ckn] items, in

which case it may or may not produce an item of highest rank. Denote by
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A,, the event that all k items of highest rank are among the first [ckn] items
and by B,, the event that none of the k items of highest rank are among the
first [ckn] items. Then the probability of selecting an item of highest rank
is at least 1 — P(A,) — P(B,). We have

(1) (o)
P(An) = %§ P(By) = C: )

from which we obtain lim,, o P(4,) = ¢* and lim, o P(B,) = (1 — ).

1
29

highest rank is indeed at least 1 — (3)*1.

We now turn to the precise results. Let P, denote the uniform proba-

Choosing ¢ = 5, we conclude that the probability of selecting an item of

bility measure on the set of permutations Sy, . Let Ws(y, x;0) C Sk denote
the event that an item of highest rank is selected when using the strat-
egy S(n, k; M). Our first result gives an exact formula for P, x(Ws(n k;r))-
The first sum on the right hand side of (1.1) below is the probability of
(A, UB,)¢, where A, and B,, are as in the previous paragraph. The second
sum on the right hand side of (1.1) is the probability of B, N W, knr)-
This is calculated by considering the highest rank seen among the first M
items and the number of times this rank appears among the first M items.

We use the convention (2) =0ifa > b.

Proposition 1.

(1.1)

An asymptotic analysis of the formula in Proposition 1 leads to the central

result of this paper.

Theorem 1. Let M, ~ ckn, where ¢ € (0,1). Then

k—1
. k c l
Tim P (W) = —(1 =) (z)(1 —T
=1

(1.2) -

k . 1—cyk:flfl % 5
k dy — c"log(1 — (1 — .
()¢ [V ptn - rogtt - 1= o)

=1
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Using partial fractions and trigonometric substitution, we can calculate
explicitly the integrals on the right hand side above for the cases k = 2, 3.
We obtain

(1.3)
lim P, 2(Wsn,2.0m,)) = —2¢(1 —¢) + (2¢ — A log(2 —¢) — (2¢ + ) log ¢;

n—oo
3

lim P 3(Wsnsiar,) = =5 (1 = )e(l +3¢) = (3c + 3c2 + ) log e+

n—oo

3 3 3—2 3
(56 + 502 — ) log(c? — 3¢+ 3) + 3V3(—c + ¢?) arctan( €y 4 V3T

NI

(c—c?).

Table 1 gives the approximate optimal value of ¢ and the corresponding
optimal limiting probability of selecting an item of highest rank for £ be-
tween 1 and 10. For k& = 2, the probability of success is about .701, compared
to % ~ .368 in the classical case when there is only one item of each rank,
while the optimal choice of ¢, namely, ¢ & 0.386, is close to the optimal value
% in the classical case. For k = 3, the optimal probability is above 0.85, for
k = 7, that probability exceeds 0.99, and for & = 10, it is approximately
0.999.

For k > 12, the optimal probability of success is 1.000, when rounded off
to three decimal places. Table 2 considers several such values of k and gives
the approximate range of values of ¢ for which the probability of selecting

an item of highest rank is approximately equal to 1.000.

k argmax for ¢ max. prob.
2 0.386 0.701
3 0.413 0.854
4 0.431 0.928
5 0.444 0.964
6 0.453 0.982
7 0.460 0.991
8 0.465 0.996
9 0.465 0.996
10 0.472 0.999

TABLE 1. Optimal ¢ and optimal probability
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k range for ¢ probability
12 [.44,.52] 1.000
15 [.36,.60] 1.000
25 [.24,.73] 1.000
50  [.13,.85] 1.000

TABLE 2. Range of ¢ for which probability ~ 1.000

As noted above, the paper [5] considered the class of strategies T (n, k; R)
in the case k = 2. Let Wy, 1.r) C Snk denote the event that an item of
highest rank is selected when using the strategy 7 (n,k; R). It was shown
there that the limiting probability of success, lim,,_, Pn,k(WT(n,Q; Ry))s With
R, ~ cn, c € (0,1), is maximized for ¢ ~ 0.4709, and the corresponding lim-
iting probability is approximately 0.7680. This probability is higher than the
probability 0.701 obtained using strategy S(n,2; M,,) with M, ~ 0.386(2n)
as in Table 1. It isn’t obvious how to extend the analysis in [5] to k > 3.
On the other hand, in light of the results in Tables 1 and 2, for all but
the first few values of k, a strategy from the class T (n,k; R) can hardly
be more effective at selecting an item of highest rank than is the optimal
strategy from the class S(n,k; M). Furthermore, we now show that the
class of strategies S(n, k; M) has an overwhelming advantage over the class
of strategies T (n,k; R). Indeed, note that if strategy T (n,k; R) succeeds,
then it automatically selects the kth and final occurrence of an item with
rank n, whereas strategy S(n, k; M,) can succeed on an earlier occurrence
of an item with rank n. Taking this point of view, we now investigate and
compare the efficiency of these two classes of strategies.

On Ws(n k;m,) € Sn.k, the event that an item of highest rank is selected
when using strategy S(n, k; M,,), define JT(LSk) with values in [k] by Jffk) =4, if
the item of rank n that was selected from among the k items {n;}}_, of rank
n, is the ith item of rank n to occur. Also, on the event Ws(, 1:1,,), let Xff,g
denote the position in [kn] in which the selected item of highest rank occurs.
(The dependence on {M,,} in Jfk) and ng) is implicit in S = S(n, k; My,).)

On Wr(n k;r,) C S(n, k), the event that an item of highest rank is selected
when using strategy T (n, k; Ry,), define Jy(:,;) = k, because from the definition

of strategy T, the item of highest rank n that was selected is automatically
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the kth and final item of rank n to occur. Also, on the event Wy, r.g,), let
Xfl k) € [kn] denote the position in which the selected item of highest rank
occurs. (The dependence on {7},} in ij,;) is implicit in 7 = T (n, k; Ry,).)

Theorem 2. Using the strategy S(n, k; M,), where M, ~ ckn, define
® (i) = lim P, x(JS) = i|w, e [k
Pe (Z) nggo n,k’( n,k Z| S(n,k;Mn)), ? 6[ ]

That is, pgk) (1) is the limiting probability as n — oo that the selected item

of rank n is the ith item of rank n to occur. Then

(1.4)
1 kil d—1( k\ )
p(k‘) (Z) — limp 00 Pn,k(WS(n,k;J\/In)) (1 o C) ' CZ (i_1)7 L€ {2’ o 7k}’
¢ 1 k kY 5 —
1 o limp, 00 Pn,k(WS(n,k:;]\/[n)) (1 e~ (1 o C) ), L= 1

Remark. In particular, if lim, oo Py k(Wsmkiar,)) = 1 with M, ~ c(kn)
(see Table 1), then
(]‘ - C)k_i+lci_1 (ifl)a 1€ {27 e 7k}7

D¢ (7’) ~
F+(1—c)fF i=1

Equivalently, the distribution {pﬁk) (1)}7_ is approximately the distribution
of the random variable 1 + X, .1 Xy ok where X}, . has the binomial distri-
bution with parameters k and c.

Since Pn,k(qug) = k|Wr(mk;r,)) = 1, it follows that in contrast to the
above distribution {pgk) (¢)}7_, on [k] corresponding to the class of strategies
S(n, k; M), the analogous distribution on [k] corresponding to the class of
strategies T (n, k; R) is the degenerate distribution that places all its prob-
ability on k € [k].

. . . En,p(Xy(LSk”WS(n,k;Mn))
The following theorem analyzes the quantity lim,, ™ ,

the limiting expected proportion of items that are observed until an item
of highest rank n is selected, conditioned on an item of highest rank begin

selected, when using the strategy S(n, k; My,).

Theorem 3. Using the strategy S(n, k; M,,), where M, ~ ckn, define

(8)
,y(k) (C) — lim Envp(Xn,k ‘WS(”:I‘UMn))

n—o00 k:n
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That is, v*) (¢) is the limiting expected proportion of items that are observed
until an item of rank n is selected. Then
k), .
i (i)

®)(¢) = — A VA
W =er =93 i

1—c¢ 1
(1.5) 5 1
“t im Ptk Wsmant) k+1— X, Xy, {0k} F
1-c ( _ 1
E+1Y limpseo Pok(Wsnkar,))

where p((;k)(l) is as in (1.4) and Xy is a binomial random variable with

(1—0 —(1-r¢) ))

parameters k and c.

Remark. In cases where lim,, 00 Ppx(Ws(nk;01,)) = 1, (1.5) reduces to
(1.6)

k
k 1 (1—c)cF
(k) ~ o lcz—l—lzl o
(c) e+ (1 C; <i—1>k+2—i+ krl
1
c+(1-0o)F

k+1-— Xk:,chk’c;ﬁk: '

By an elementary large deviations result, P(X} . < (c—e€)k) is exponentially
small in k, for any € > 0. From this, we obtain immediately the following

corollary of (1.5).

Corollary 1. For any sequence {ci}32o for which

liminf lim P, 5 (Ws(n k0,0 Mo ~cpkn) > 0

k—o0 n—00
and limsup,_,., cx < 1, one has

1
B (ep) = e + 0(~

k)’ as k — oo.

Table 3 gives the value of 4*)(¢), the limiting expected proportion of items
that are observed until an item of highest rank is selected, conditioned on
an item of highest rank being selected, for 2 < k < 10, with the optimal
value of ¢ from Table 1. Table 4 considers several values of k with k > 12,
the range of k for which the optimal probability is 1.000, to three decimal
places. Numerical results show that the function in (1.6) is increasing in c.
Thus, values are given for v(*)(¢) using the lowest value of ¢, taken from

Table 2, for which the probability of success is approximately 1.000.
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k argmax for ¢ from Table 1 %) (¢)
2 0.386 0.660
3 0.413 0.636
4 0.431 0.618
) 0.444 0.604
6 0.453 0.592
7 0.460 0.583
8 0.465 0.575
9 0.465 0.565
10 0.472 0.563

TABLE 3. Value of v*)(¢), the limiting expected proportion
of items that are observed until an item of rank n is selected,

at optimal ¢ from Table 1

k lower end approx. argmax for ¢ *)(¢)
12 44 .52
15 .36 42
25 .24 .28
50 13 15

TABLE 4. Value of v(¥)(¢), the limiting expected proportion
of items that are observed until an item of rank n is selected,

for the smallest value of ¢ for which probability ~ 1.000

With regard to the limiting expected proportion of items that are observed
until an item of rank n is selected, in contrast to Theorem 3 and Tables 3
and 4 for the class of strategies S(n, k; M), we have the following result for
the class of strategies 7 (n, k; R).

Proposition 2. Using any sequence of strategies {T (n,k; R,)} for which
oy = apy({Rn}) = limp 00 Pu k(W (ni;r,)) evists, one has
1 k 1-— Q.

apk+1 g

< hII_l>lIlf En,k’(Xr(Zl;) |WT(n,k;Rn)) =
(1.7) o 1k
i sup B (X, o WTnksin)) < o7
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Remark. In particular, it follows that if limp, 0 Po k(W7 (n 1:r,)) = 1, then
. T
limy, oo En,k(Xq(%k)‘WT(n,k;Rn)) ~ kL.A,_l

The classical secretary problem, where there is one item at each rank,
but with adaptations to increase the chance of winning, go all the way
back to the fundamental paper of Gilbert and Mosteller [6]. In particular,
they considered the situation where one is given r opportunities to select
the highest ranked item, as well as the situation in which one is given one
opportunity to select an item from among the r top ranked items. In the
first situation above, when there are r opportunities to select the highest
ranked item, they showed that the asymptotic probability of winning when
using the best strategy is about 0.591 for r = 2, and increases to about 0.965
when r = 8. In the second situation above, when there is one opportunity
to select an item from among the r top ranked items, they showed that the
asymptotic probability of winning when using the best strategy is about
0.574 for r = 2. The authors did not analyze their formula numerically in
cases with » > 2. That paper also considered the so-called full information
problem, where the “items” are now numbers obtained from a known IID
sequence of continuous random variables. In this case, the optimal strategy
yields a probability of about 0.58 for winning.

See [1] for another useful approach to the secretary problem. For the
secretary problem in its classical setup, but with items arriving in a non-
uniform order, see for example [6, 9, 10, 11]. The paper [2] considered the
best strategy in order to minimize the expected rank of the selected item,
using the convention that the lowest rank is best. The paper [12] considered
the secretary problem when the number of items is random; see also, [7] and
[8]. See [4] and [3] for reviews of the history of and a variety of variations
on the secretary problem.

We prove Proposition 1 in section 2 and Theorem 1 in section 3. In section
4, we prove a couple of auxiliary results that are needed for the proofs of
Proposition 2 and Theorem 3, and then give the proof of Proposition 2. In
section 5 we prove Theorem 2 and in section 6 we prove Theorem 3. The
proofs of these two theorems rely heavily on the calculations in the proofs

of Proposition 1 and Theorem 1.
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2. PROOF OF PROPOSITION 1

Fix 2 < k € N. For n € N, we consider a uniformly random permutation
of the multi-set {1¥ 2% ... n*}. The kn items of this multi-set arrive ac-
cording to the order of this permutation. We consider n to be the highest
rank and 1 to be the lowest rank. We wish to calculate the probability
Py k(Ws(n,k;ary) of winning under the strategy S(n, k; M).

Let Ag@?j’l denote the event that among the first M items, the number
7 has occurred [ times, and no number greater than j has occurred at all,
where 1 < M <kn—-1, 1 <j<nandl € [k]. To calculate Pn,k(As\Z?jJ)?
it will be convenient to consider all nk objects as distinguishable from one
another. (For each i € [n], think of the k different i’s as {i;}F_,.) It then
follows that Pmk(Ag(/}) ) is the following hypergeometric-type probability:

(1) (52)
)

where the above probability is considered to be zero if M —1 > (j — 1)k.

(2.1) Po k(A5 ) =

Consider first the case that j € [n — 1]. If one employs the strategy
S(n,k; M), and the event AS\Z?M occurs, then after the Mth item arrives,
one will select the first item larger or equal to j. Among the items arriving
after the Mth item arrives, there are k(n—j+ 1) —[ items that are larger or
equal to 7, of which k of them have the highest rank n. Since items arrive
in uniformly random order,

k
k(n—j+1)—1

(22)  Pux(WsguranlAS,) = ,jen—1.

Consider now the case j = n. If one employs the strategy S(n, k; M), and
the event Ag\z)n ; occurs, then after the Mth item arrives, one will select the
first item that is equal to n, if such an item exists. Of course, it will exist if

[ € [k — 1] and it won'’t exist if [ = k. Thus,

- 1, if L€ [k—1];
(2.3) P k(Wsnksan [ Anng) = )
0, if I = k.

Since for each M, the collection of events {AE\Z?]‘,Z 1 j € [n],l € [k]} are
disjoint, and the probability of their union is 1, it follows from (2.1)-(2.3)
that (1.1) holds. O
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3. PROOF OF THEOREM 1

B\ (G—1)k
It will be convenient to write the expression (l)((kﬁ’)’) appearing in (1.1)
as "
ky (G—1)k MY (kY (k(7 — 1
(3.1) () Gt _(z)( )i (k(j ))M_l,jE{l,Q,”',n}7

G (kn)as
where we use the notation (b), =b(b—1)---(b—a+ 1) for falling factorials,
where a,b € Z.

Let M,, = c,kn, be an integer for each n € N, with lim, . ¢, = ¢. For
N € Nand M = M,, we use (3.1) and rewrite the second term on the right
hand side of (1.1) as

S OG- D1
j=11=1 (kn)Mn k(n—j-i-l)—l
k n— N
ann j B 1 c kn—l1 1
3.2 k n .
(32) ; < ! > : st k:n)cn;m k(n—j+1)— T

n—1

N (kG = 1)e,bnt 1
k;( l >(k)l 2 k(n—j+1) =1

joner F)enkn

For sufficiently large n, there exists a constant C' = C(k, [, ¢) such that

cnkn (k(] - 1))cnknfl (k(] - 1))cnknfl (k'j)cnknfl
(33) ( l > (kn)cnkn = ¢ (kn)cnkn—l = O(k’n)cnkn—l.

Using the fact that ;=7 is decreasing in z for 0 < x < a < b, it follows that
for any ¢’ € (0,¢) and for sufficiently large n,

(kj)c kn—l k] kn—l J 'k
3.4 L el L (2eRr e (k.

From (3.3) and (3.4) we have for large n,

n— n—N .
ann ] - 1 c kn—1 1 Ik
. n < < \¢C n‘
J=1 7j=1
Also,
n—N n—N 1 i _N—1
(l)c/kn:n 7(l)ckn§n ck:nd <
(3.6) =" = 0
n ( _ N — 1)c’kn+1 n N=L(¢/kn+1)
'kn + 1 n ckn+1
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From (3.5) and (3.6), we conclude that the expression on the second line of
(3.2) satisfies

(3.7)
n—N

ann ] — 1 c kn—l 1
lim 1 E E L = 0.
Nlm imsup k < > I (k) in Fn—j 1)1 0

—0 n—oo
Jj=1

Letting s = n — j, we write the expression on the third line of (3.2) as

Y lenkn (kG = 1D))eykn 1
Q;( z >(k)l 2 Kn—j+1)—1

=n—N+1 n
(3.8) ) ! »
cnkn (k(n— s — 1)), kn—i 1
k n .
Z< l ) l; (kn)e, in k(s+1)—1
We write
(3.9)
(cnkn> (k(n—s—=1))c kn—t _ (C"l}m) anﬁl_l k(n—s—1)—
! (k1) cpken [T, (kn —cokn+i) 1y kn —t
We have
cpkn—1—1 kn
" k(n—s—1)—t k(s+1)
(3.10) I1 = I o=
t=0 i=(1—cn)kn+1+1
and
(3.11)
kn kn
k(s+1 k(s+1
log H (1- (i)) _ Z log(1 — (z‘)) _
i=(1—cn)kn+i+1 t=(1—cn)kn+i+1
kn

—k(s+1) Z 1,+0(1) =k(s+1)log(l —c,) +0(1), as n — oo.
i=(1—emkn i1 ©

From (3.10) and (3.11), we obtain

cnkn—1—1

(3.12) H k(n _k:?j : i) —t_ (14 0(1))(1 — )"+ as n — 0.
t=0
Also, we have
cnkn
" 1
(3.13) lim ) = (=2

n—>ooH L(kn — cpkn +14) Ml1—-c
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Now (3.9), (3.12) and (3.13) yield

_ cnkn\ (k(n—s—1))epkn—t 1, ¢ i
14 1 ot = 1 — )kt
(3.14)  lim < l ) (K1), kn AR

Letting n — oo in (3.8), it follows from (3.14) that the expression on the

third line of (3.2) satisfies

, k. leakn (kG = 1))eskn 1

j=n—N-+1
(3.15) o !
k c 1
;<l>(1—c) ;( Ay

From (3.2),(3.7) and (3.15), we conclude that the second term on the right
hand side of (1.1), with M = M,,, satisfies

(3.16) Lo
& (M) Uk = 1)t 1 B
"lggc’k;; | (kn)n, kn—j+1)—1
k [o.¢]
/{:; (I;>(1 i C)l Szl(l - C)k(SH)k(s—i—ll)—l’ for M, ~ cn, ¢ € (0,1).

We now consider the first term on the right hand side of (1.1), with
M = M,, = cp,kn ~ ckn. Although we considered (3.14) for s > 1, of course
it also holds for s = 0. Thus, the first term on the right hand side of (1.1)

satisfies

k=1 (M, k—1
=1 =1

(kn)w,, 1—c
From (1.1), (3.16) and (3.17), we obtain
(3.18)
k k c > 1
Jim PaaSOski o)) = k3 () (1) D204
k—1 k c
(1— c)k; <l>(1_0)l, for M, ~ cn, c € (0,1).

We now analyze the infinite series on the right hand side of (3.18).
Let

[e.e]
ph(s+1)

i
(3.19) Gru(z) = sz:; Mt D 1
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Then
i pk—=1-1 k—i-1 _ .
e ka(sﬂ)ll %ll_ A (=1 k- L
kl 1 — ¢k - zk—1
1_:E,C,l:k:.

Integrating and noting that Gk,l vanishes at zero to the order 2k, we obtain

xkll

+ dy7 I = 7 o ak - 1,
(3.20) Gk’l(x) = N

—flog(l -z ), l =k.
From (3.19) and (3.20), we can rewrite the first term on the right hand side
of (3.18) as

o0

LNy c 1
k; <l>(1—c)l (1_C)k(s+1)(s—|—l)k—l -

s=1

(3.21) SR, e g 1 N
(] — o) b l/ _
k(1 =¢) Z<l>(1—c)k—l+k;<l>c AL

=1

Flog(1— (1 —)b).
Now (1.2) follows from (3.18) and (3.21). O

4. TWO AUXILIARY RESULTS AND THE PROOF OF PROPOSITION 2.

We state and prove two auxiliary results. The first one will be used in the
proof of the second one and in the proof of Proposition 2, and the second
one will be used in the proof of Theorem 3. We end this section with the
proof of Proposition 2.

On the probability space (Syx, Pn k), for each i € [k], let Yi("’k) denote
the position in [kn] in which occurs the ith item to occur from among the
k items {n;}F_, of rank n. (For example, if n = 4 and k = 2, and the
permutation in Sy 9 is given by 2142323111224112, then on this permutation,
Y1(4’2) takes the value 2 and Y2(4’2) takes the value 7.)

Proposition 3. For k € N and i € [k],

k) )
. En,kYZ(n ot
#1) T kAT

Proof. Since we will only need the cases i = 1 and ¢ = k, and since the latter
case follows from the former one by considerations of symmetry, we will only

proof the case ¢ = 1. The other cases can be proved similarly. The random
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(n,k)
variable Ylnk on the probability space (S i, Py k) is a discretization of the

random variable min(Uy, - -+, Uy), where {Uj}é?zl are IID uniform random
variables on [0, 1]. Thus

&
lim 7En’kyl(n )

n—o0 nk
Since P(min(Uy,- -+ ,Ug) > z) = (1 —2)F, the density of min(Uy,--- ,Uy) is
k(1 — 2)k=1. Thus,

= Emin(Uy,- - ,Uy).

1 1
Emin(Uy, - ,U) = / z(k(1— x)k_l)dx = k:/ (1—x)z* tde =
0 0

O

Proposition 4. A box contains N black balls and A red balls. Draw the
balls from the box without replacement until a red ball is obtained, and let
7(NA) denote the number of draws required. Then

. ErVA4) 1
(42) R A
Proof. Consider drawing all of the balls from the box, where the black balls

are numbered from 1 to N and the red balls are numbered from 1 to A.

Every particular order in which the balls are drawn is a permutation of the
N + A items. Thus, if N is a multiple of A, say N = M A, for M € N, then
(N4 is equivalent to Yl(n’k) in Proposition 4.1, with n = M +1 and k = A.

Therefore, from Proposition 4.1, limp; oo % = AL—H’ or equivalently,
E (MA,A) 1
(4.3) lim — - .
M—o0 MA A+1

A simple argument extends (4.3) to the case that MA is replaced by a
generic N. O

Proof of Proposition 2. As in the statement of the proposition, let ap =
limy, 00 P k(W7 (nk;R,)). From the definition of the strategy T (n,k; Ry),
it follows that Xﬂ) = Yk(mk)‘WT(n,k;Rn) where Yk(n’k) is as defined before
Proposition 3. (Recall that X 7(17,;) is only defined on Wi, .g,)-) Thus,
(4.4)

oI A
P k(Wr(n k)

T n,k
En,k(XT(L,k)|WT(n,k;Rn)) = i (V" W) <
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and then from (4.4) and (4.1)
. 1 (T) 1 k

(4.5) llrlgsolip %En,k(ka |WT(n,k;Rn)) < ;km
Using the notation F(Z; B) := EZ1p, where Z is a random variable and B
is an event, we also have
(4.6)

(n.k).
En,k (Yk y W’T(n,k;Rn))

T n,k
En,k(XT(L,k)’WT(n,k;Rn)) = Bn (V" Wr i) = Pk (Wr(n ks Ra))
En’kYk(n’k) . 1- Pn,k(WT(n,k;Rn))
Pn,k:(WT(n,k;Rn)) Pn,k(WT(n,k;Rn)>

and then from (4.6) and (4.1),

| 1 k -«
(4.7) lim inf ?Eﬂ,k(Xfﬁ)’WT(n,k;Rn)) > - " k-

n—oo 1 ok +1 Qay,
Now (4.5) and (4.7) give (1.7). O

5. PROOF OF THEOREM 2

Proof of Theorem 2. Recall from the proof of Proposition 1 that AS\Z?;’,Z
denotes the event that among the first M items, the number j has occurred
[ times, and no number greater than j has occurred at all, where 1 < M <
kn—1, j € [n]and | € [k]. If AE\Z’)].J occurs, for some | € [k] and some
j € [n—1], and the strategy S(n, k; M) succeeds, then by the definition of
the strategy, Jr(lsk) = 1. By (2.2), the probability that the strategy S(n, k; M)
succeeds, conditioned on such an Ag\?,?ﬂ, is equal to W

On the other hand, if AE\Z?M occurs, for some [ € [k — 1], then by the
definition of the strategy, Jé‘i) = [+ 1. Conditioned on A%Z?n’l, it follows by
(2.3) that the strategy S(n,k; M) automatically succeeds. Conditioned on
AS\Z?n’k, it follows by (2.3) that the strategy S(n, k; M) automatically fails.

From the considerations in the above two paragraphs, along with (2.1),

we have
(5.1)
P (A(n) )

(8) _ _ (n) Bl YAV S A |

Pon( Tk = UWsnpinta) = Pai(Ayg, i1 Wsnmsar,)) = Po k(W i)
M,
") (k)—1(k(n—1 _
1 () (k)11 (k(n — 1)), l+17 e (2 k)

P k(Ws(nk;0,)) (kn)n,

Y
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Writing M,, = ¢,kn in (5.1), where lim,,_,~ ¢, = ¢, and letting n — oo and
recalling (3.14), which was derived for s > 1, but which holds just as well
with s = 0, it follows that

(5.2)
1 k c
lim P, 4 (J'5) =1 ) = !
1 koY i h—l+1

- ¢ (l—-c , 1e{2,--- Kk},
limy, 00 Pn,k(WS(n,k;Mn)) <l - 1) ( ) { J
which gives (1.4) for [ € {2,--- ,k}. Since

"k

I=1(1 _ Nk—=l+1 _ 1 _ k(1 _ Nk

(5.3) > (z B 1>c (1—¢) 1—c — (1 -0,

1=2
it follows from (5.2) and (5.3) that (1.4) also holds for [ = 1. O

6. PROOF OF THEOREM 3
Proof of Theorem 3. Recall that AS\Z)N denotes the event that among the
first M items, the number j has occurred ! times, and no number greater

than j has occurred at all, where 1 < M < kn —1, j € [n] and [ € [k]. We
)

’j?l
then afterwards, we consider the case that the event AS\Z)M occurs.

first consider the case that the event AE\Z occurs, where j € [n — 1], and

Let j € [n—1]. If Ag{}?j’l occurs, then among the last kn — M items, there
are (j — 1)k — M + [ items of rank strictly less than j, there are k(n — j) — 1
items of ranks between j and n — 1, and there are k items of rank n.

On the event Wg, ;) N AS\Z?;’,Z? the intersection of the event AE\Z?N and
the event that the strategy S(n, k; M) successfully selects an item of highest
rank n, let T(A%Z?jyl) denote the number of additional items after the first
M items up until an item of rank n is selected. Then by definition,

S n n
(6.1) X =M+ T(Asw?j,l) on Ws(n,k:n) N A(M?j,l-

From the previous paragraph and from the definition of the strategy S(n, k; M),
the distribution of T(Ag(/})j ;) under Py k(- [Ws(n 00y N AS\Z)J. ;) is the same as
the distribution of 7(N*4) in Proposition 4 with N = (j — 1)k — M + [ and

A = k. For convenience, we copy formula (2.2) here:

)\ _ i
62)  PorWseman i) = g =551 =1

, jE€[n—1].

_ C)k
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Now consider the case that the event Ag\z)n ; occurs. Then among the last
kn — M items, there are (n — 1)k — M + [ items of rank strictly less than n,
and there are k — [ items of rank n.

On the event Ws(,, k) N AS\/[)n ;» the intersection of the event A( n)

il and
the event that the strategy S(n, k; M) successfully selects an item of hlghest
rank n, let T(AS\Z)n ;) denote the number of additional items after the first

M items up until an item of rank n is selected. Then by definition,

S
(6.3) Xflk) =M+ T(AS\/[)nl) on W e:nry N AS\/[)nl
From the previous paragraph and from the definition of the strategy S(n, k; M),
the distribution of T(Agg)n ;) under P (- [Ws (g ksar) N Ag\z)n ;) is the same
as the distribution of 7(\4) in Proposition 4 with N = (n — 1)k — M +1

and A = k — [. For convenience, we copy formula (2.3) here:

1, ifl € [k —1];

(6.4) Pr (W ) ’AMM)
0, if | = k.

Let { M, } satisfy M,, = c¢,kn with lim,,_,o ¢, = ¢ € (0,1). Let H(n, k; M,)
denote the expected number of additional items observed after the first M,
items, conditioned on successfully selecting an item of rank n while using

strategy S(n, k; M,,). For ease of notation, let

Brg My = Pk (Wsn ;)i
n,k n
WAMn ‘)] 1 = WS(TL,]{?,M’”) ﬂ A§M317j7l.
From the above analysis, it follows that
H(”a k; Mn) -
n—1 k ( )
/B’nk M ZZP WAM Jl ( ( Mnyjl)|WAMn7]7l)
noj=1 =1
k
! POWALH) WA
( M, nl) nk( (A Mn,nl)‘ Mn,nl)
Br kM =
P(AW E, ¥
5nk:Mn;zz; Vi) k(n—j+1)—1 w4 "JZ)|WAMWJ)+
1 = k)
P(Ag\}lz“nl) nk( ( Mn,nl)‘W'As\Zn,nl)

Br kM =
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where (6.2) and (6.4) were used for the second equality. Substituting from
(2.1) in the right hand side of the above equation, and substituting M,, =

cnkn, we obtain after division by nk,

<?‘5) 1
%H(n,k;Mn) = Bopein X
"Zl i () (B)i(B G = 1)) enknt k Ep i (r(AL), 5 DIWAGS) ),
=ia (k1) e, kn k(n—j+1)—1 nk
1D Y R — 1)) et Bk (T(AL by )VATEE )
Br k,cnkn (k1) e, kn nk '

Consider first the second sum on the right hand side of (6.5). From earlier
in the proof, under P, j(- \WAg\Zlel), the random variable T(A(n) ) has

cnknyn,l

the distribution of 7V4 from Proposition 4 with N = (n — 1)k — c,kn +
and A = k — . Thus, by Proposition 4,

(6.6) L BTAD L DWATE) 1

Using (6.6) and (3.17), it follows that the second term on the right hand
side of (6.5) satisfies
(6.7)

L S Y R = 1))yt Bk (r(Af o )IVARE, )

lim =
n—0co /Bn k,cnkn lZ; (kn)cnk’ﬂ nk

1 & =k c g 1l-—c
. (1—c) (r—) — =
lim,, oo Pmk(WS(n,k;Mn)) P l l1—-¢ k—-1+1

1 ok 1
1_ i—1(1 _ o)h—it1 _
hmn%opn,k(WS(mMMn))( C);<i—1>c (L=
k k), .
IR W A0
= k+2—14’

where the last step follows from (1.4).
Consider now the first sum on the right hand side of (6.5). For N € N,
we break the outer sum Z 1 into two plecesfthe sum from 1 to n— N, and

k
B o (r(AT DIWATE) )
nk

the sum from n— N 4+1 ton—1. Since is bounded,
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it follows from (3.7) that the part of the sum from 1 to n — N satisfies

(6.8)

lim lim
N—00 n—00
nzz:vzk: an”) k (k'(] - 1))cnkn—l k E”ak(T(AcnknJ l)|WAM"’J l) =0
=1 1=1 (kn)enkn k(n—j+1) -1 nk o
Letting s = n — j, the part of the sum from n — N + 1 to n — 1 becomes
(6.9) (n)

5 i (") )k = 1))t k (A VAT

— e kn n n,k
= i ( nlk )(k)l(k(n - S —= 1))cnkn—l k E”vk(T(At(:ngcn,n—s,l)‘W‘Agwn,?n—s,l)
— = (kn) e, kn k(s+1)—1 nk '

Recall from earlier in the proof that under P, j(- ]WA the random

variable T(A(n)

cnkn,n—s,l

N=(n—-s—1)k—cykn+1and A = k. Thus, by Proposition 4,

cnkn n—s l)

) has the distribution of 7V>4 from Proposition 4 with

. Envk(T(Agnagn n—s l)|W‘AM n—s l) 1-c
(6.10) i nk T k+1

Using (6.9), (6.10) and (3.14) (see also (3.15)), it follows that the first term
on the right hand side of (6.5) satisfies

(6.11)
lim —x
n—00 /Bn k,cnkn
Z Z cnkn (l_ 1))ann—l k ( (A£:kn,]l)|W‘A n,],l) _
P k‘n)cn;m kE(n—j+1)—1 nk
k
1—-c¢ ( 1 Z < > k(s+1) k )
o 1\l o0 Pai(Ws(aponr, ) 2 s s:1 k(s +1) 1

A perusal of the current proof, or alternatively, a perusal of the proofs of

Proposition 1 and Theorem 1, will reveal that the expression in the large

parentheses on the right hand side of (6.11) must be equal to pgk)(l). (In

(k)

the statement and proof of Theorem 2, we calculated p¢ (1) more simply
as 1 — ZZ ng )( ).) Substituting this in (6.11), and using (6.8), it follows
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that
(6.12)
n— C n y " n,k
lim 1Zk: () (R)u(k(F = 1))e,hnt k En(T(AG ni ) PVAYES) -
n—o0 it (k:n)cnzm ]{J(Tl - .7 + 1) =1 nk
k
(- c)pﬁ ‘()

The theorem in the form provided by the first equality in (1.5) follows from
(6.1), (6.3), the definition of H(n, k; M,,) in the paragraph following (6.4),
(6.5), (6.7) and (6.12). The second equality in (1.5) follows easily from the
definition of {pgk) (1)}, in (1.4). O
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