THE DISTRIBUTION ON PERMUTATIONS INDUCED BY

A RANDOM PARKING FUNCTION
ROSS G. PINSKY

ABSTRACT. A parking function on [n] creates a permutation in S, via
the order in which the n cars appear in the n parking spaces. Plac-
ing the uniform probability measure on the set of parking functions on
[n] induces a probability measure on S,. We initiate a study of some
properties of this distribution. Let PE*™ denote this distribution on S,
and let P, denote the uniform distribution on S,. In particular, we
obtain an explicit formula for P?**(5) for all ¢ € S,. Then we show
that for all but an asymptotically P,-negligible set of permutations, one
has PP (g) ((ﬁ]ﬁil, (n(flr)e,):l ) However, this accounts for only

an exponentially small part of the PP™¥-probability. We also obtain an

explicit formula for P}l’ark(agijﬂ = il,a,:ijJrQ =iy, -+, 0, =1ij), the

probability that the last j cars park in positions ¢1,--- ,i; respectively,
SRPITE R B
-,n+1—0;") under PP*™ converges in distribution to a ran-

and show that the j-dimensional random vector (n+1—o

-1 ..
n—j+2

dom vector (37_, X;, 37, Xoy oo, Xjo1 + X5, X;), where {X,}/_,
are IID with the Borel distribution. We then show that in fact for

g,

jn = o(n%), the final j,, cars will park in increasing order with prob-
ability approaching 1 as n — co. We also obtain an explicit formula

for the expected value of the left-to-right maximum statistic XLR-max

the statistic that counts the total number of left-to-right maxima in a
permutation, and show that ERa™* X LR-max or4wg approximately on the
order n2. In terms of car parking, the left-to-right maximum statistic

counts the number of cars that park in the first available space.

1. INTRODUCTION AND STATEMENT OF RESULTS

Consider a row of n parking spaces on a one-way street.

A line of n

cars, numbered from 1 to n, attempt to park, one at a time. The ith car’s

preferred space is spot number m; € [n]. If this space is already taken, then
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car ¢ proceeds forward and parks in the first available space, if one exists.
If the car is unable to park, it exits the street. A sequence m = {m;}
is called a parking function on [n] if all n cars are able to park. It is easy
to see that 7 is a parking function if and only if [{i : m; < j}| > j, for
all 7 € [n]. Let P, denote the set of parking functions. It is well-known
that |P,| = (n + 1)"71. There are a number of proofs of this result; a
particularly elegant one due to Pollack can be found in [5]. Note that the
above number is Cayley’s formula for the number of labeled trees on n + 1
vertices. A number of bijections between parking functions and labeled trees
have been constructed, leading to other connections in combinatorics as well
as in a number of other fields. For a survey of parking functions and their
generalizations and some applications, see the article by Yan [8].

We can consider a random parking function by placing the uniform prob-
ability measure on P,. Denote this probability measure by PP». A study
of random parking functions was initiated by Diaconis and Hicks in [3]; see
also the article by Bellin [1]. Since each parking function yields a permuta-
tion 0 = o1---0, € Sy, where o; is the number of the car that parked in
space j, it follows that a random parking function induces a distribution on
the set S,, of permutations of [n]. In this paper we initiate a study of this
distribution, which has not been analyzed.

We will use the notation P, and E, to denote the uniform probability
measure and the corresponding expectation on S,,. We will denote by Py ark
the probability measure on S, induced by a random parking function in
P,.. The corresponding expectation will be denoted by EE*™. To be more
precise concerning the definition of the induced probability measure, define
Ty, : Ppn — Sy by T, () = o, if when using the parking function 7, o; is the
number of the car that parked in space j, for j € [n]. For example, if n =4
and 7 = 2213 € Py, then we have T(2213) = 3124 € S;. We define

(1.1) PI() = PP (T ({o})
For 1 <i<n<ooando €.S,, define

(1.2) ln,i(0) = max{l € [i] : 0; = max(oj,04—1, - ,0i—i+1}-
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For n € N, define

n

Ln(0) =[] ni(0), o € Sa.

i=1
For example, if o = 379218645 € Sy, then I, (o) = 1, for i € {1,4,5,7,8},
lni(o) =2, for i € {2,9} and l,,(0) = 3, for ¢ € {3,6}. Thus, Lg(c) =
152232 = 36. At certain points in the paper, it will be convenient to use the
following variant of [,, ;. Define

(1.3) li(o)=1__1(0).

[

For example, if o = 379218645, then I,,(c) = 1, for i € {1,2,3,4,6},
Zn,i =2, for i € {5,7} and l~m =3, for i € {8,9}. Of course,

n n

(1.4) Ln(0) = [[ (o) = [[Ini(0), o € S
=1

=1

We have the following theorem.

Theorem 1.

Ly (o)

(1.5) PP (o) = )T

n

oES,.

The following corollary of Theorem 1 is immediate, where the asymptotic

n

behavior follows from Stirling’s formula, n! ~ ne™"/2mn.

Corollary 1. The expected value of the random wvariable L, = L,(c) on
(S, Pp) satisfies

1 n 4 1 n—I1 en+1
(1.6) EuLn=—= Y Lu(o) = ( ') ~ .
n: 0es, n: V2T nz2

Although E,, L, is around e, with high P,,-probability L, (o) is near 2".

We will prove the following weak convergence result for L,,.

Theorem 2. For any e € (0,2], the random variable L, = Ly (c) on (Sy, Py)

satisfies

(1.7) lim Py((2—€)" < L, < (2+¢)")) = 1.

n—oo

The following corollary follows immediately from Theorems 1 and 2.
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Corollary 2. For any e € (0,2], the random variable PY™ = P2 () on
(Sn, Pn) satisfies

(18) lim P, <{a € S, : PP(g) € ( =" _(2+o" > }) ~ 1.

(n+ D)1 (1)

And the following corollary follows immediately from Theorem 1, Corol-

lary 1 and Stirling’s formula.

Corollary 3. The expectation of the random variable PY™ = PP (o) on
(Sn, Pn) is given by
1 e”
park _ =
(1.9) B =
Comparing (1.8) and (1.9), we see that for all but an asymptotically P,,-

negligible set of permutations in S,,, the P}fark—probability of a permutation

in S, is approximately #, but the “average” PP**_probability of a
permutation in S, is exponentially larger, namely asymptotic to e T
2" T2

By Stirling’s formula, it also follows that there is a set A, C S, with
P.(A,) — 1 for which PF™(A,) is around (2)". From Theorem 1, we

also have the corollary.

Corollary 4. The mazimum value of P2 = PP () is equal to W ~
Varn?

a1 and is attained uniquely at o = 1---n. The minimum value of ppak
s equal to W and is attained uniquely at c =n--- 1.

Proof. The function L, = L,(0),0 € S,, attains its maximum value n!
uniquely at ¢ = 1---n and attains its minimum value 1 uniquely at ¢ =
n---1.. O

Let 0! denote the inverse permutation of o. So 0,;1 = j if and only if
0j = k. In car parking laurlguage,0',;1 = j means that car number k parked
in space number j. From the definition of a parking function, it is obvious
that

PP (ot = j) = PPi(my = §), j € [n].
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In [3], the following asymptotic behavior was proven for 71 (or any 7 by

symmetry):

(1.10)

For fixed j, PP (7 = j) ~ HP(HXZj);

For fixed j, PP (11 = n — j) ~ P(Xénﬂ”rl),

where X is a random variable satisfying P(X = j) = ejji__‘l’ j=1,2,--.

The distribution {e~7 j];!l
obvious that it is a distribution, that is, that it sums to 1. For more on this,
see [3, p.135]. It follows that (1.10) also holds with PP» and m; replaced

respectively by P} K and o] ! It would be nice to obtain asymptotic results

524 is called the Borel distribution. It is not

for P,E’ark(aj_n1 = ky,), for general j,, k,,. We pursue this direction when j, is

near n, that is for the last cars to park.

Theorem 3. The distribution of the positions (a;_lj_H, aqij”, o) of
the last j cars to park satisfies
(1.11)

wak(%ﬁjﬂ = il>"rﬁj+2 =iy, 0, =) =

(n—j)! <H{:1(kl _ klfl)kl*klfﬁQ) (n—kj +1)" 5T Ly jii(0)

(n + 1)n-1 ( T (k= kg — 1)!) (n — k;)!

)

where {k‘l}{:l is the increasing rearrangement of {il}{zl, ko =0 and I,.(0)

is as in (1.3).

One can use Theorem 3 to make explicit calculations. Here we treat the
cases j = 1 and j = 2 in depth in Corollaries 5-8. This will lead us to a
result for general j in Corollary 9 and for growing j = j, in Theorem 4.

We begin with the case j = 1.

Corollary 5. The distribution of the position o, ' of the last car is given

by

n n— n—k—1
(1.12) PPkl — k) = %kk <k) ( (nk:l;i_l , k€n].

Proof. Tmmediate from (1.11), noting that if o' = k, then I, ,(0) = k. O
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From Corollary 5 we obtain the following asymptotic formulas.

Corollary 6. The distribution of the position o, ' of the last car has the
following asymptotic behavior.
i. For fivred m € N,

. ki _—
(1.13) lim ppe (cl=n+1-—m)= —

Thus, the random variable n+1—o; ' under ppork converges in distribution

n

to a random variable X with the Borel distribution.

ii. For fixed k € N,

kke=F 1
N as n — oo.
iii. Let c,n be an integer with lim, o ¢, = ¢ € (0,1). Then
1 1
(2mc)2 (1 —c)2 n?

(1.14) PPak(g—1 = k)

(1.15) PPt (gt = ¢n) ~
Proof. The proof follows from (1.12) and standard asymptotic analysis. We
write out the proof of part (iii). Substituting in (1.12), we have

(1.16)

P}l)ark (O’

_ 1 n! (n — cpn + 1)n—cenn—1
1 _ — cnn n
= enn) = ) S A e (g )

Replacing the three factorials on the right hand side of (1.16) by their Stir-

ling’s formula approximations, m! ~ m™e™"/2wm as m — oo, and per-

n

forming many cancelations, we have

L (a1
n " (enn)!/((1 — ¢p)n)! (n+1)n1
1 1 n—cpn—1
n <1 + n—cnn>

n/en(l — ca) /201 — e (n+ 1)1

n—cpn—1
n—1 1
n 1+n—cnn)

CESh = 1, we conclude that the right hand
side of (1.16) is asymptotic to ———— L. O
2

(27rc)% (l—c)% n2

Since lim,— oo

Remark. One can check that kkgf " s decreasing in k. Thus, from part (ii),

for fixed k, PP (0~ = k) is on the order 1 and decreasing in k. From

part (iii), the probability of o, ! taking on any particular value in the bulk
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3
2

is even smaller, namely on the order n~2. And from part (i), the distance

of ;! from n converges in distribution as n — oo.

We now turn to the case j = 2, that is we consider the distribution of the

positions (o, ', 0, 1) of the last two cars.

Corollary 7. Let

(1.17) b b
(=2 2(b—a) " 2(n—b+1)" !
Ap(a,b) = @a—Db—a—Dl(n—b)l(nt 1)1 forl<a<b<n.
Then
(1.18)

ImAL,(I,m), if 1 <l <m<mn;
PIoyty = 1oyt =m) = (o

(I —m)mA,(m,l), if 1l <m<1l<n.

Proof. Tmmediate from (1.11), noting that if 0,1, =1 and o;;' = m, then

lnn—1(0) =1, lpn(o) =m, if Il <m;

Zn,n_l(a) =1—-m, Znﬂn(a) =m, if | >m.
From Corollary 7 we obtain the following asymptotic formulas.

Corollary 8. i. For fixed I, m,
(1.19)

) - 3 (l _ m)lfmflmmfl
Jim PPHonly = nl=lont = ntl-m) = o
(1.20)

(m — m=li=1 1

ke _—1 —1
P " =n+1-1l,0, =n+1—m)~ Wm 1) E,1§l<m,

n—

-1
n—1

in distribution to a random vector (X1 + Xo, Xo) where Xy and Xo are 11D
with the Borel distribution.

1. For fixed, I,m,

Thus, the random vector (n+1—0. " n+1—0;1) under PY*" converges

~

1 —1 m—Il—1 . 1
U (m=D™ "Tm (Tz%l)! ey, 1< 1 <m;
m (—m)t=m g

(1.21) PP ' =lot=m)~{ "
mor ¢ #, 1<m<l.

n n rYn

!
m!  (I-m)!

Proof. Standard asymptotic analysis. O

el 1<m<l;
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Part (i) of Corollaries 6 and 8 lead us to the following result for all j,

which we will prove.

Corollary 9. Let j € N. The j-dimensional random vector

~1 -1
m+l—o0, ;m+l—0, " A ‘
in distribution to a random vector (37 _y Xp, 30 o Xy X1+ X, Xj),
where {Xr}izl are IID with the Borel distribution.

In particular then, for any j € N, the last j cars from among the n cars park

_ k
on+1—o,Y) under PY™™ converges

in increasing order with probability approaching 1 as n — o0o:

(1.22) lim PP (ot <ol i< <opl)=1.

n—00 n+ n

In fact, we can extend (1.22) to the last j, cars, where j, = o(né). We

will prove the following result.

Theorem 4. For j, = o(n%), the last j, cars from among the n cars park

in increasing order with probability approaching 1 as n — oo:

: ko —1 -1 -1
(1.23) nh_{rolo P01, < Opiiejui1 < <og ) =1

We now consider the left-to-right maximum statistic. Recall that a posi-
tion ¢ € [n] is called a left-to-right-mazimum for the permutation o € S,, if
0; > o, for all k € [i — 1]. Let XL R-max — yLR-max(5) denote the left-to-
right maximum statistic, that is, the total number of left-to-right maxima
in o € S,,. Under the uniform probability measure P, on .S,, it follows from
symmetry that the probability that ¢ is a left-to-right maximum is %; thus
By X LRmax: — E?:l% ~ logn. It is well-known that under the uniform
distribution, the left-to-right maximum statistic has the same distribution
as the cycle statistic that counts the total number of cycles in a permuta-
tion [2]. The well-known law of large numbers and central limit theorem
for the cycle statistic under the uniform distribution thus also holds for the
left-to-right maximum statistic.

The left-to-right maximum statistic behaves very differently under P} ark,
In terms of car parking, the left-to-right maximum statistic counts the num-
ber of cars that park in the first available space on the one-way street. Note
that it is immediate from Theorem 4 that EﬁarkX;;R‘max > wy, for large n,
if w, = o(ns). In fact, we shall see that ER** XLRmax orqws on an order at

least n2 and no more than n%“, for any € > 0. The theorem below gives
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an exact formula for the probability that ¢ is a left-to-right maximum and
that also o; = j, from which an exact formula for EﬁarkX,I;R'maX follows. (Of
course, the probability that i is a left-to-right maximum and that o; = j is

equal to zero if i > j.)

Theorem 5. i

(1.24)
P}L""’k (i is a left-to-right maximum and o; = j) =

()it i+ 1 =+ D7+ 0+ 1)) 1< i< <

(1.25)
EparkX LR-maz _

n

J
—1 . .
Z(j 1) n—z+1)3 Z1((n—j)(n—i—l)_j+(n—|—1)l_]).
J=11i=1 L=
We didn’t find the right hand side of (1.25) very amenable to direct
asymptotic analysis. However, we were able to express (1.25) in a different

form that is more tractable for such analysis. We have the following theorem.

Theorem 6. i

n l 1
n p—

(126) EgarkXTI;R-max — ] 0( ‘7)
- l( +1) (n+1)

=
1.

ETI;aTkXLR-max

lim sup " =0, for any e > 0;
n— 00 n2
(127) ParkaR mazr
lim inf ———— > 0.
n—oo 3

n

The proof of Theorem 1 is given in section 2 and the proof of Theorem 2
is given in section 3. The proof of Theorem 3 is given in section 4, the proof
of Corollary 9 is given in section 5 and the proof of Theorem 4 is given in
section 6. The proof of Theorem 5 is given in section 7 and the proof of

Theorem 6 is given in sections 8 and 9.
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2. PROOF OF THEOREM 1

Recall the definitions of I,,; and I,,; in (1.2) and (1.3). For the proof of

the theorem, it will be convenient to work with l~m Recall from (1.4) that

The theorem will follow if we show that for each o € S, there are L, (o)
different parking functions 7 € P, such that 7, (7) = o, where T}, is as in
the paragraph containing equation (1.1). Before giving a formal proof of the
theorem, we illustrate the proof with a concrete example, from which the
general result should be clear. Consider the permutation o = 379218645 <
Sg. We look for those m € Pg that satisfy To(n) = o. From the definition
of the parking process and from the definition of 7}, we need m; = 5 in
order to have o5 = 1, my = 4 in order to have o4 = 2, m3 = 1 in order
to have 01 = 3 and m4 = 8 in order to have og = 4. In order to have
o9 = 5, we can either have 75 = 9, in which case car number 5 parks in
its preferred space 9, or alternatively, m5 = 8, in which case car number 5
attempts to park in its preferred space 8 but fails, and then moves on to
space 9 and parks. Then we need mg = 7 in order to have o7y = 6. Then
similar to the explanation regarding w5, we need 7y to be either 1 or 2 in
order to have o9 = 7. In order to have o4 = 8, we can have either g = 6, in
which car number 8 parks directly in its preferred space 6, or alternatively
mg = 5, in which case car number 8 tries and fails to park in space number
5 and then parks in space number 6, or alternatively, mg = 4, it which case
car number 8 tries and fails to park in space number 4 and then also in
space number 5, before finally parking in space number 6. Similarly, we
need mg to be equal to 1,2 or 3 in order to have 09 = 3. Thus, there are
Ix1x1x1x2x1x2x3x3=][",lyi(c) = Lo(c) different parking
functions 7 € Py that yield Ty(7) = o.

To give a formal proof for the general case, fix o € S,,. In order to have
T,(7) = o, first we need 7; = oy . Thus there is just one choice for 7y,
and note that I, 1(0) = 1. Now let k € [n — 1] and assume that we have
chosen 71, - - -7 in such a way that car number ¢ has parked in space o, L
for i € [k]. We now want car number k + 1 to park in space ok__&l. By

construction, this space is vacant at this point, and so are the l~n7k+1(a) -1
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spaces immediately to the left of this space. However the space l~n7k+1 spaces
to the left of this space is not vacant (or possibly this space doesn’t exist—it
would be the zeroth space). Thus, by the parking process, car number k + 1
will park in space O'k__il if and only if w1 is equal to one of the l~n7k+1(0)
numbers ak_il, ak__&l -1, ,ak_il — l~n,k+1(0) + 1. This shows that there are

Ly(0) =TI ln,i(0) different parking functions 7 satisfying T,,(7) = 0. O

3. PROOF OF THEOREM 2

We begin with several preliminary results. Recall that P, is the uniform

probability measure on .S5,.

Lemma 1.
1_ _
(1) Palli=4)=4q7 i+
7

Proof. Fix i and let j € [i]. The event {l,;(c) > j} is the event {o; =

max{c;, 051, ,Ui,jﬂ}}. Since P,, is the uniform distribution on S,,, we
have
) 1 . o
(3.2) Py(lp; >j)= 7 ien], 1<j<i.
The lemma now follows. O

We now write

(3.3) Spi=log Ly = logly.
=1

From Lemma 1, we have

i—1

log 5 log i
3.4 E,logl,; = — + —.
s st = o

Note that E,logl,; does not depend on n, but of course it is only defined
for1 <i<n.

Lemma 2.

(3.5) lim E,logl,; =log2.

m,5—00
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Proof. Recall the Abel-type summation formula [6]:

Z a(r)f(r)—A(m)f(g:)—A(l)f(l)—/le( )f'(t)dt, where A(r Za,

1<r<z

We apply this formula with a(r) = 2= = X — 1 and f(r) = logr. We

r(r+1) r 7”+1
have A(r) =1— m = 7. Recalling (3.4), we obtain

i—1 .
log j . i , vt 1
o Enlog by Z‘)LTOZ G+1) o (mlogl_ Cir1e®) T

. { . . . i log i
Zl;nolo <i+1logz—log(z+1)+log2> _zliglo <logi+1 i1 o > =log?2.

O

From (3.3) and (3.5), we conclude that

E,
(3.6) lim Sn = lim E log L,, = log 2.
n—o00 n n—oo n
We now consider E,S2. We have

(3.7)

n 2 n
E,S:=E, (Z log zn) => Eulogll; +2 Y Eplogl,logly;.

i=1 i=1 1<i<j<n

We have the following proposition.

Proposition 1. For 1 < i < j < n, the random variables l,,; and l,, ; on

(S, Pp) are negatively correlated; that is,
(3.8) Py(lni >k, lnj > k) < Pu(lyi > k)Py(ln; > 1), fork,1>1.

Proof. Since P, is the uniform probability measure on S, for any k < i,
the events {l,; > k} = {o; = max(0;, -+ ,0i_4+1)} and {ln; > 1} = {0 =
max(cj, - ,0;_141)} are independent if [ < j —i. Thus, (3.8) holds with
equality in these cases.

Consider now the case k <iand j —i+4+ 1 <[ < j. In this case
(3.9)

{lni >k, ln; > 1} = {aj = max (0,051, }ﬂ {crl max (o, 01, ,O'i_k+1)},

where r = min(i —k+1,j — 1+ 1).

We have

1
(3.10) P, (0; =max(0j,0,_1, - ,0.)) = max(lj — i+ F) < T

[
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Also,
(3.11)
1
Py (0i = max(0y,0-1, -+, Oi—kt1|0j = max(j, 051, -+, 0v)) = 7,
because {0y, -+ ,0i_g41} C {0j,0j-1, -+ ,0,}. The proposition follows from
(3.9)—(3.11) and (3.2). O

We can now prove the theorem.
Proof of Theorem 2. Since l,; and [, ; are negatively correlated, one has
Enf(lhi)g(ln;) < Enf(ln:)Eng(ly ), if f and g are increasing functions on

[n]. In particular then,
(3.12) Eplogly;logly,; < Eylogly, i Fy,logly, ;.

From (3.3) and (3.12), a standard straightforward calculation gives

(3.13) Var(S,) < ZVar(log lni)-
i=1
From (3.1), we have

i—1

Z logj (log i)2

' (log .
(logln,)* G+ i+

]:1
Using this with (3.5) and (3.13), we conclude that there exists a C' > 0 such
that

(3.14) Var(S,) < Cn, n € N.

From (3.6) and(3.14), it follows from the second moment method (Cheby-

shev’s inequality) that

(3.15) hm P,(log2 —¢e < % <log2+e¢€) =1, forall e > 0.
n

d (3.

Now (1.7) follows from (3.15) an 3). O

4. PROOF OF THEOREM 3

We count how many parking functions {7}, yield the event {Un i1 =

1,0 n7j+2 =g, 0,0 = i;}. In order for this event to occur, the first
n — j cars have to park arbitrarily in the spots [n] — {k;}J_;. Then the last
J cars have to park, with each one in its appropriate space.

We now analyze the parking of the first n — j cars. In order for k1 — 1

cars from among the first n — j cars to park in the first k1 — 1 spaces, but for
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no one of the first n — j cars to park in the kith space, it follows from the
definition of the parking process that there must be a collection of k1 — 1 of
the {m}?:_lj which constitute a parking function of length k3 — 1. We can
freely choose which of the first n — j cars to use for these spaces. Since there
are /’{:]fl_2 parking functions of length k; — 1, this gives (,Z__jl)klfl_Q different
choices.

In order for ko — k1 — 1 cars, from among the n—j — (k1 — 1) cars that still
remain from among the first n—j cars, to park in the spaces k1+1, -+ , ko —1,
but for no one of the first n — j cars to park in the kith space or the ksth

space, there must be a collection of ko —kj —1 of the remaining n—j— (k1 —1)

members of {m;};—/

that constitute a parking function of length ko — k1 — 1,
but shifted forward by kq spaces. (If {m;};", is a parking function of length
m, then we call the collection {a + m}* |, where a € N, a parking function
of length m shifted forward by a spaces. Obviously, the number of such
parking functions coincides with the number of parking functions of length
m.) We can freely choose which of the remaining n — j — (k; — 1) cars
from among the first n — j cars to use for these spaces. Thus, there are
(";g:lgfl:ll)) (kg — ky)*2=k1=2 different choices.

We continue counting in this fashion until we have chosen cars for the
kj — kj_1 — 1 spaces between spaces kj_1 and kj. Recall that ky has been
defined to be 0. Now we need for all of the n—j—zgzl(ki—ki,l —1) =n—k;
cars that remain from among the first n — j cars to park in the spaces
kj +1,---,n. In order for this to occur, but for no one of the first n — j
cars to park in the k;th space, these remaining members of {m}fz_lj must
constitute a parking function of length n — k;, but shifted forward by k;
spaces. This gives (n — kj + 1)" %~ different choices.

Thus, we have shown that the number of ways to choice {m}?;lj is
(4.1)

n—7\, k-2(n—J—k+1 feo—ky —2
Kk ky — kp)R2R1=2
(h—1>1 (k@—h—1>(2 ) %

N
(n J =1 (kl kll)) (k'] _ kj_1>kj—kj71—2(n _ kj + 1)n—kj—1 _
kj—kj—1—1

(n—j)! —k;—1 . ki—ki—1—2
, (n—k;+ 1)~k (ki = Ky—q)™ 175
(n— k) =y (ke — kg — 1)) 11;11
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Now we count how many ways we can choice the {m}/" j+1 in order
that o,_;4; =1, [ = 1,---,7, or equivalently, in order that car n — j +1{
park in space i;, [ = 1,--- ,j. This calculation uses the same reasoning that
was used in the proof of Theorem 1. After the first n — j cars have parked
appropriately as above, the spaces {kl}{zl = {il}{zl are still vacant. From
the definition of the parking process and from the definition of l~n7n, j+1(0), in
order that car n—j+1 park in space i1, 7,_;41 must take on one of the values
i1.01—1, -+ 11 —l~n7n,j+1(a) +1. Then in order that car n— j+2 park in space
i, Tp—j4+2 must take on one of the values ip,ip — 1, iy — l~n7n_j+2(a) + 1.
Continuing like this, we conclude that there are H{Zl lnn—j+1(0) choices.
Using this with (4.1), and noting that there are (n+1)"~! different parking

functions of length n, we obtain (1.11). O

5. PROOF OF COROLLARY 9
Let {m,ﬂ}i:1 C N. By Theorem 3, for n > Zi:l m,., the probability
PR (n 41— 07;—1]'-1-1 = Zi:l mp; L =1,-++,7)1s givgn by the formula on
the right hand side of (1.11) with with ¢y =n+1—3"7_, m,, I € [j]. Since

these {il}{zl are increasing, we have k; =4, [ € [j]. So we have

ki —ki1y=my_q, 1 =2,---73;

(5.1) J
k1—ko=n+1—2mr.
r=1

Since the {il}{zl are increasing and represent the positions respectively of
the numbers {n—j+I1 }{:1 in the permutation o, it follows from the definition
of I,,.(¢) in (1.3) that

J
(5.2) ln,n—j+l(0) =iy=n+1- Zmr~
r=I

Substituting from (5.1) and (5.2) into the right hand side of (1.11), the
expression there becomes

(5.3)

) . n—l—Zi: mr ; -2 2 i
(n—j)! (” +1-37_, mr) ' ( 12 mznill ' ) m;'nj ) (” +1-37 mr)

(4 1) (0 = 23 mp)! (T ms = 1)1 (my = 1)1
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We rewrite the terms in (5.3) that do not involve n as

—1

7 ml 1—2 m;—2 .
( 1=2 M1 )mj ﬁm

(5.4) ‘ _ m
(Hg:Q(ml—l - 1)!> (mj — 1) 1 my!

The terms in (5.3) that involve n satisfy

(5.5)
X m
y (n—j)!(n—f—l—zr 1mr> o j (n—l—l— lmr)
im .
nee (n+1)"Hn =320 my)!
e Zi:l mr.

From (5.3)-(5.5), it follows that the right hand side of (1.11) with 4

; - 1—1 —my
n+1-3"7_,m,, I €[j], converges as n — oo to [[1_; " mzf

have proven that

J J
: park -1 _ R oA — %7
(5.6) lim PP™(n+1-0,1,, = > mps I=1,-,4) = 11:[1 R

r=l

The corollary follows from this.

6. PROOF OF THEOREM 4

. Thus, we

~1,-my

O

From the proof of Corollary 9 up to (5.4), in particular, from (5.3) and

(5.4), we have for j, <mn,
(6.1)

Jn
P};ark <n+1 'n, ] +1 = Zm,r.’n—'—l TL ] +2 — Zmry,n+1—o-;1:mjn> =

r=1 T

where
(6.2)

n+1

. _ j n—1 '
A(n7], miy--- ’m]) — 621:1 My (n + 1 r=1 mT) _ ezz":l mr (1 .

(n —J)! (130 my)

B(n?j;mlv"' 7m'> =
Y (=Y my)! <n+1—2371mr>2 e

Jn

r=1

Zi:l mr

Jn my—1_—m
mr g~ Mr . .
(l | — _ o )A(n,jn;ml--- ,my, ) B(n, jnyma, -+ ,my,), for g my <n, mp > 1,

>n1
)
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By Stirling’s formula, W ~ \/%m_% Thus, there exists a C > 0
such that
et m—1,—m
mm e C
> — < —1, NeN.
m=N-+1 2
Since {mm;n# o©_, is a probability distribution, it then follows that
N m—1_—m
m™ e C
(6.3) > ————>1-—, NeN,
m=1 m! Nz

Using (6.3) for the inequality below, we have

N mr—1_—my N m—1,-—m In C In
B

1<mp<N r=1 m=1
T:17"' sIn

Substituting NV, for N in (6.4), a standard estimate gives

Nn, my—1_,—m
. m, e e 1
(6.5) lim E H ———— =1, if j, = o(N:}).
n—00 m,!

1<mp<Np r=1

T‘Zl,"',jn

park, —1 —1 —1
We can express Py (Jn+1_jn <Opiijor1 < <0y ) as

park/ _—1 -1 . -1y _
B ong1 g, < Ong1jun < <0y =

In
Z Pﬁark<”+1_0nijn+lzzm’”’lzlv"‘jn)-
r=l

mrzl;rzl,»~»,jn
Zq]j;l my<n
Using this with (6.1), we have
(6.6)
park,/ _—1 —1 -1\ _
PP (O-n+1_jn <Opii i1 < <oy ) =

Jn my—1_,—m
m," e T . .
§ (H - mo )A(najnvml 7mjn)B(n7jn;mla"' 7m]n)
r=1 r

m7'2127”:11"' »n
Jn
ZT‘:l mr<n

If m, <N, forr=1,---,j,, then trivially, Zfil my < joNy. Thus, if we
choose j, and N,, such that

(6.7)
li_)m A(n, jnymy --- ,my,) =1, uniformly over {1 <m, < Np;r=1,---,jn};
n o
lim B(n,jn;mi,---,m;,) =1, uniformly over {1 <m, < Np;r=1,---,j,},

n—oo
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and such that
1
(68) JnlNp <n; and j, = O(NnQ)a
then it will follow from (6.5)-(6.7) that
k -1

(6.9) nh_)rgo PP (o n+1 i < O'n+1 g1 < <o) =1

In the calculations below, we always assume that 1 < m, < N,, for
r=1,---,jn. Wefirst consider A(n, jn;mi---,m;,)in (6.2). From Taylor’s

remainder formula, we have
(6.10) —z>log(l—2x) > —z— =z

Using (6.10), we have
-1
m 0
n+1 r=108 n+1 -

n—1 1 jn1mr2
n+lzm” "_1< > ; 2)'

(6.11)

2(n+1-30m my)
From (6.2) and (6.11), we have

2 j’"/ )
2 logA(n,jn,ml Tt 7mjn) >

(6.12)

n+1= 2n+1 -0, my)2

2§, - oD )

Recalling that Z "1 My < jn Ny, it follows from (6.12) that
(6.13) (6.7) holds for A(n, jp;my--- ,m;,) if jpNp = o(n%).
We now turn to B(n, jn;mq---,m;,) in (6.2). We write

(6]‘4) B(najnaml t 7m]n) = C(nvjrmml e 7mjn)D(n?]nam1 T 7mjn)7

where
) ' .
C(n,jn; my--- ’mjn) _ (n J]n). ’]’Lj"_zi‘:l mr;
(6.15) (n =35 my)!
. ]n 1— Jn . '
Dl gy = TS )
! (n+1— 1m7,)21 1 Mr

Let w, = Zj" 1 We suppress the dependence of w,, on {mr}f;":l. For

any choice of {m, }’" |, we have j, < wy, < juNp.

r=1»
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We have
(n —wp)* "I <Oy guyma -+ ,my, ) < (n— gy)n im0,

or equivalently,

W, —Jin . Wn—Jn
(6.16) (1 - %) < C(nyjusma - my,) < (1 - i’;) .

Since wy, < jp Ny, it follows from (6.16) that

(6.17)
if j, N, = o(n%), then

1i_>m C(n,jn;my--- ,mj,) =1, uniformly over {1 <m, < Np;r=1,---,jn}.
n—oo

We have
(n+1—w,)" _j . n/n —j
n—Jn < D . . . < Wn—Jn
(TL +1— wn)wnn = (nvjnaml 7m]n) = (n +1— wn)wnn ;

or equivalently,
(6.18)

wy, — 1\ wy —1 \" wy—1 \“"
1-— 14— <D, < (14— .
n n+1—w, n+1—w,

Since wy, < jp Ny, it follows from (6.18) that

(6.19)
if j, N, = o(n%), then

lim D(n, jn;mq---,mj,) =1, uniformly over {1 <m, < Np;r=1,---,jn}.
n—oo

From (6.14), (6.17) and (6.19), it follows that

(ST

(6.20) (6.7) holds for B(n, jn;mi--- ,my,) if N, = o(n?).

From (6.13), (6.20) and (6.8), we conclude that (6.9) holds if j, N, =
1

o(n%) and j, = o(N;?). Thus, if j, = o(né) and N, = [n%], then (6.9)
holds. This completes the proof of the theorem. O

7. PROOF OF THEOREM 5

Part (ii) of the theorem follows immediately from part (i). For part (i),
let 4, satisfy 1 < i < j < n. We need to calculate the PP _probability
that o; = j and that the location ¢ is a left-to-right maximum for o. To
do this, we count how many parking functions {m}}_, yield a permutation

o € S, with the above properties. A permutation o € S, satisfies the above
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properties if and only if {01, -+ ,0,-1} C [j — 1] and o; = j. It follows from
the definition of the parking process that a parking function {7 }}_, yields
such a permutation if and only if a subsequence of {71, ,mj_1} of length
1 — 1 constitutes a parking function of size i — 1, the other j — i elements
of {my,---,mj—1} belong to [n] — [i], and 7; € [i]. So we need to count how
many such parking functions there are.

There are ({:11) choices of ¢ — 1 elements for the subsequence of length
i — 1 from {my,--- ,mj_1}. There are i"~? choices for such a subsequence of
length 4 — 1 to constitute a parking function of length ¢ — 1. There are ¢

choices for 7;. So this gives (gj)iiil choices for 7; and for the i —1 elements
of {m,---,mj_1} that are restricted to [4].

Denote by {m},---,m}_;}. the complementary subsequence of j — i ele-
ments of {my,--- ,mj_1}. that all lie in [n|—[i]. The components {mj 41, - ,m,}
are without specific restrictions. (But of course, {7}, - - ,77}72} and {741, -, T}
must be chosen so that {m;}}_; is a parking function.)

In order to count how many choices there are for {n},---,7}_;} and
{mj41, -+ ,mp}, we fix | € [n — j| and determine how many choices there
are for {mf,--- ,7r§-_1} and {mj41, -+ ,m,}, subject to the condition that a
particular subsequence of {mj;1,---,m,} of length [ has all of its elements
in [i], while the remaining elements in {mj 1, - ,m,} are in [n] — [i]. Then

we will sum over all such [. There are (";J ) ways to choose the subsequence

of length [ from {mji1, -+ ,m,}. There are i' different possible values for
these elements. Denote the subsequence of length n — j — [ of elements of
{mj41,- -+ ,mp} that are not in [¢] by {7r§+m}?n_:]fl

We now count how many choices there are for (7], - - - W;_i, 7T;»+1, e ).

Our strategy will be to reduce the situation at hand to the following one
(with appropriate choice of n and m): There is a one-way street with n
spaces, but with the first m of them already taken up by a trailer. A
sequence of n —m cars enters, each with a preferred parking space between
1 and n. It was shown in [4] that the number of such sequences resulting in
all n —m cars successfully parking is (m + 1)(n + 1)1,
By definition, all of the entries of the sequence (my, -+ 7} _;, 7 4, 7, ;)

lie in [n]—[i]. Let (7, -+ ,7,_;) denote the elements (my, -+ , @ _;, @iy, 7, )

along with the [ fixed elements from {mj;1,--- ,m,} that are in [i], using the
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order in which they appear in the parking function {m}}_,. Counting the

: / / /
number of choices for (7}, - - Ty T

the number of choices for (7], - ,7,_,), since the latter was obtained from

-m! ;) is equivalent to counting

the former by adding fixed components. Now let (7, -+, 7//_.) denote what

one obtains if one starts with the sequence (71,---,7,_;) and slides the [

entries that are in [¢] all the way to the left end of the sequence. So the first
[ entries in (7},--- ,7'_,) belong to [i] and the n — i — [ other entries are

(705 T4y Tjy1s* s T, p), in the this order. By the symmetry of park-

. . . . / / I /
ing functions, counting the number of choices for (7}, - - T T )

is equivalent to counting the number of choices for (7f,--- ,7/_,).
1!

We now count the number of choices for (7{,--- ,7/_.). Remember that

the first ¢ parking spaces have already been filled. We need to consider

how many choices there are for (77,---,x_.) so that the remaining n — i
"

cars can park. By construction, the first [ entries in (7, - ,n/_,) in-

volve no choice; they are fixed. Furthermore, all of these entries are in [].

Thus, when using (7, ,7/_.), the first [ cars from the n — i cars will

n—
park in spaces i + 1,--- ,7 + I. Now consider the state of affairs at this

stage. The first ¢ + [ positions are filled. What remains of the parking func-

tion is (7, ;,---,m,_;), which has length n — [ — . All of the entries of
(7 y,- -+, mn_;) lie in [n] — [i]. This is equivalent to the situation described

above from [4]. Our case corresponds to the situation in [4] with m and n
replaced respectively by [ and n — [ — i. More specifically, the number of
choices for (7}, ,,--- ,m,_;) is the number of choices for a parking function
(I, -+ ,I,,—;—;), all of whose entries have values in [n — i] in the scenario
where there are n —i spaces and n—¢ —1[ cars, and a trailer takes up the first
[ spaces. Thus, from the formula from [4] noted above, the number of such
parking functions is (I 4 1)(n — i+ 1)""*="=1. So we conclude that there are
(I+1)(n —i+ 1)"""==1 choices for (7], - T Ti1s ™ Ty g)-

From the above analysis, we conclude that the number of parking func-
tions {m}}_, that yield a permutation ¢ € S, for which o; = j and the

location 7 is a left-to-right maximum is given by

(7.1) 3 <J_1> 1(”l_j>¢l(l+1)(n—i+1)”—i—l—1.

71— 1
1=0
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A standard calculation gives

n—

(7.2) i(lﬂ) <n l_ j)il(n—H—l)”jl =i(n—7)(n+1)" 14 (n+1)" .
=0

Thus, (7.1) is equal to

(‘Z _ i)ii_l(n — i+ )77 (i(n = )0+ 1) 4 (0 1))

Since there are (n 4 1)"~! parking functions {m}7?_, of length n, it follows
that

P}L’ark (7 is a left-to-right maximum and o; = j) =

(I )00 =i+ 0777 i = )0+ )7 4 (0 1)1),

which is (1.24). O

8. PROOF OF PART (I) OF THEOREM 6

We first proof (1.26). In light of Theorem 5, we need to show that the
right hand side of (1.25) is equal to the right hand side of (1.26). We write
the right hand side of (1.25) as

(8.1)
n J - ' o ' '

212 (Z N i)i’_l(n —i+ 1) (iln=H)(n+ )T+ (n+ 1)) = T+ 11,

j=1i=

where =3 (Z _ :)Mn —i+ 17" (=) (n+1)7

n J .
—1\ . .y .
and IT =Y "> <‘Z ~ 1>f—1(n — i+ 1Y (1)

In [7], chapter 1 considers sums of the form

n

n
An(z,y:p,9) =) <k> (@ + k)P (y +n — k)n R
k=0
When p = —1 and ¢ = 0, one has A, (x,y; —1,0) = W, which is known
as Abel’s generalization of the binomial theorem. It is easy to see that the
symmetry formula A, (x,y;p,q) = An(y, z; ¢, p) holds; thus,
(x+y+n)"

(8.2) Ap(2,y:0,-1) = ;
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This allows us to calculate 1. We have

i(ﬁ::) -1y = Ji(jf)(rﬂ)(n—r)(a D7l

i=1 r=0
(n+ 1)1

Aj_l(l,n—j—i—l;o,—l): n— 11 .

Thus, we conclude that

L (n+1)y1 1—i "1
8.3 11 = ——(n+1)77 = -,
(8.3) O S L IRED O

We now turn to I. The sum over ¢ that we now need to consider is
(84)
7—1

> ()t iv =3 (U ey o -

i=1 r=0
Aj_l(l,n - j + 1; 1, —1).

In [7], a formula for A, (x,y; —1,1) (= An(y,x; 1, —1)) is given, but we were
unable to exploit it for our purposes. However, we were able to exploit the

recursion formula
An(@,yip.q) = An1(@,y + Lp,qg + 1) + Apa(z + Lysp+ 1,9),
which can also be found in [7]. Using this recursion formula, we have

(8.5) A;—1(1,n—j+1;1,-1) = A;(0,n—5+1;0,—-1)—A,;_1(0,n—3+2;0,0).

By (8.2),
A S, ~ (n+1)
(8.6) A;i(0,n—j+1;0, 1)_n—j+1‘
By [7, page 23],
n n X
Ap(x,4;0,0) = Z<>x+y+ Y (n — k)l = nl (ﬁU—l—:lzl—l-n)
k=0 v
Thus,
Jj—1 k
; : +1
(8.7) Aj_1(0,n —7+2;0,0)=(—1)! (n o )
k=0 :

From (8.5)-(8.7), we obtain

n ‘ il n k
(88) Aj_l(l,n—j—i-l;l,—l):TE__;:_)Jl_(j_l)!Z( +1) .
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Now (8.1), (8.4) and (8.8) yield

I=> A a(ln—j+1L1,-1)(n—jn+1)7 =
(8.9) =

L on—j - 71 (n —|— 1

PR ) L
j:ln_j+1 j=1 k=0

From (8.3) and (8.9), we have

.

n ]71

1
I—{—II:n—E(n—] ]—1'2 n—i—
—1 k=0
(8.10) ’ 1 o
j— n.j- k—j
(n 4 1)k= , (n+ 1)
- -0y —r Py ~—
" ”Z] Kl +, / Kl
k=0 j=1 k=0

Using the well-known identity » ;_, (m.J”) = (m+:+1) in the third equality

7

below, we have

n 7j—1 n k—j n n—l

Z(]—l)!z( +k1') :Z(nil)lzll(k—kl—l)l—

j=1 k=0 1=1 k=0

"o Ly "o n
(8.11) ;(n+1)l(1_1)!§< N >=l:1(n+1)l(z_1)!<l>:

1 TZe(n — i)

— (n+1)
Similarly, we have
(812)

n+ 1)k S 1 n+1\  ~n+ 10 1)

Sy e oS -

Using (8.11) and (8.12), we can write the last two terms on the right hand
side of (8.10) as

s A n+1 L n+1
SOSCEIIDIECT D W BT
(8.13) j=1 =0 j=1 k=0
zn: _n n+1 ' zn: n— ll(n i)
= ! l+1 lzll(l+1 (n+1)

From (8.1), (8.10) and (8.13), it follows that the right hand side of (1.25) is
equal to the right hand side of (1.26). O
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9. PROOF OF PART (11) OF THEOREM 6

-1 .
In light of (1.26), we need to analyze the asymptotic behavior of ;" ; ; &:i) %

By Taylor’s remainder theorem,

Y

5 17)2§1og(1—:c)§—as, 0<z<l.
— X

-1/ .
Writing log% = log Hizl(l — n+1) Zk 1 log(1 — niﬂ), we then
have

l 2 -1 l

k 1 k [Ti—g(n —1) k
_ - <1 710 < —
§:<n+1+2<n+1—k>>_'% (n+ = §;n+r

g+ a8 =1, 1(1+1)
(9'1) e 2(7:-11)6 2(n+1-1)2 < w <e 2(n-:—11)’
- (n4+1)F —

2
where we’ve used the fact that 22:1 % (ﬁ) < m In what

follows, whenever we write that an expression depending on n is 6 (n®), we
mean that it falls between cin® and con® for all n, where ¢, co > 0.

We first prove the lower bound on ER™SXLR-max i (1.97). Thus, we
-1 .
zzli)%. We break up the sum into

two parts. In turns out that the optimal intermediate point at which to

need an upper bound on Y ;'

break up the sum is 9+(n%) Thus, using (9.1) for the first inequality below,

and recalling that > ;" | 7735 l+1 =3 ( l+1) =1- n%rl, we write
(9.2)

“on—1 [[Zin—i) <~ n—1 _i
1= < 2(n+1) —
Z ! = ; 1+

(I+1) (n+1) (1+1
1
[n2]
n—1 1(141) 1(1+1) n—1
> e T2 4 e ~ 3t 1) <
— I(l+1) T
- [nf]ﬂ
__n? " on-—1 " on—1 __n? " on—1
2(n+1) = — ]_ — 2(n+1) —
° Z 10+1) 2 (l+1) ( c > I0+1)
[n2]+1 =t [n2]+1
SR IR B o
n+1l’ i+l N ‘

The lower bound in (1.27) now follows from (1.26) and (9.2).
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We now turn to the proof of the upper bound in (1.27). Thus, now we
-1 .
n—t Iico"9) * Note that for | = l, = o(n),

0+ (n+1)
the exponent on the left hand side of (?7) is increasing in [ and satisfies
ln(ln+1) 3

need a lower bound on »;"

2
Stnr1) T SrionE = «9*(%). Thus, for any » € N and {o;}]_; satisfying
a; < ag < -+ < a, <1, we have from (9.1)
(9:3)
Zn: l 1(n i) S
— (1+1) (n+1) =
,9+ n2a1-1) ] n— l : o+ (n2ei=1) sl n—1 S
§:z E:e 2 (I+1) =
i l:[nai—1]+1
(1 _ 9+ (n2a1—1)) n(l [nal Z
- (1ot (n2ai—1>) n 1 B 1 ) (o] 1
P [nai_l] +1 [nai] +1 =[] 41 I+
Note that
(9.4)
[n*1]
. 1 1
(1—0% (7)) ”(1—W)— w1 =
I=1
n(l— _ ) — 6t (n20‘1) :
[no1] +1 ’
[n®]
1 1 1
. + 2011'—1 o o —

I=[n®i-1]41

1 ! )—9+ (n%‘i*o‘i*l), 1=2,--+ 7.

ne-1]+1 [n®]+1
From (9.4) and (9.3), we obtain

n ll .
oln —1)
}: >
ll+1 n+1)

n(

We now set {c;}7_; in order to minimize the order of T (n!=%r) 461 (n?*1)+

Yo o0 (n%‘i_o‘i—l). The minimal will occur when all of the exponents
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1 — oy, 201, {20; — aj—1}]_, are equal to one another. Solving these equa-
tions, one obtains

2/ —1 271 ,
6G =g o =br

The common value of the exponents is then % Therefore, from (1.26)
and (9.5), we conclude that

EgarkXy%R—max < 9-1— <TL2TJ2;1> .
Since r € N is arbitrary, this proves the upper bound in (1.27). O
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