LONGEST SUBSEQUENCE FOR CERTAIN REPEATED
UP/DOWN PATTERNS IN RANDOM PERMUTATIONS
AVOIDING A PATTERN OF LENGTH THREE

ROSS G. PINSKY

ABSTRACT. Let S, denote the set of permutations of [n] and let o =
01---0pn € Sp. For any subsequence {oij }le of {o;}i= of length k > 2,
construct the “up/down” sequence Vi - - - Vi_1 defined by
v, = U, if 05;,, —0i; > 0;

D, ifo4;,, —0i; <0,
where U refers to “up”, D to “down” and V to “vertical”. Consider now
a fixed up/down pattern: Vi ---V;, where | € N and V; € {U,D}, j €
[[]. Given a permutation o € Sy, consider the length of the longest
subsequence of o that repeats this pattern. Incomplete patterns are not
counted, so the length is necessarily either 0 or of the form kl+ 1, where
k € N. For example, consider [ = 3 and ViV2Vs = UUD. Then for
the permutation 342617985 € Sg, the length of the longest subsequence
that repeats the pattern UUD is 7; it is obtained by three different
subsequences, namely 3461798, 3461795 and 3461785.

The above framework includes one much studied case as well as an-
other case that has been studied to some degree. The pattern U is the
celebrated case of the longest increasing subsequence. The pattern UD
(or DU) is the case of the longest alternating subsequence. These have
been studied both under the uniform distribution on S, as well as un-
der the uniform distribution on those permutations in .S,, which avoid a
particular pattern of length three.

In this paper, we consider the patterns UUD and UUU D under the
uniform distribution on those permutations in S, that avoid the pat-
tern 132. We prove that the expected value of the longest increasing
subsequence following the pattern UUD is asymptotic to %n and the
expected value of the longest increasing subsequence following the pat-
tern UUUD is asymptotic to syn. (For UD (alternating subsequences)
it is known to be %n) This leads directly to appropriate corresponding

results for permutations avoiding any particular pattern of length three.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let S, denote the set of permutations of [n] = {1,---,n} and let o =
o1---0p € Sp. For any subsequence {0;; };?:1 of {0}, of length k > 2,

¢

construct the “up/down” sequence V; -- - Vji_1 defined by

U, if Oijyy — Oij > 0;
i = .
D, it oy, —oi; <0,

where U refers to “up”, D refers to “down” and V refers to “vertical”.

Consider now a fixed up/down pattern: Vi ---V;, where | € N and V; €
{U,D}, j € [l]. Given a permutation o € S, consider the length of the
longest subsequence of ¢ that repeats this pattern. Incomplete patterns are
not counted, so the length is necessarily either 0 or of the form kl+ 1, where
k € N. For example, consider [ = 3 and ViV,V3 = UUD. Then for the
permutation 342617985 € Sy, the length of the longest subsequence that re-
peats the pattern UUD is 7; it is obtained by three different subsequences,
namely 3461798, 3461795 and 3461785. On the other hand, for the permu-
tation 319652478, the length of the longest subsequence that repeats the
pattern UU D is 0 because this pattern does not appear at all.

The above framework includes one very celebrated and much studied case
as well as another case that has been studied to some degree. The pattern U
is the case of the longest increasing subsequence. This celebrated case was
studied by Logan and Shepp [8] and Vershik and Kerov [17]. Their work
showed that the expected value of the length of the longest increasing subse-
quence in a uniformly random permutation from S,, behaves asymptotically
as 2y/n. More precise information on the behavior of this random variable
was obtained later in the seminal paper of Baik, Deift and Johansson [2]; for
more on the longest increasing subsequence and many additional references,
see the book by Romik [14].

The pattern UD (or DU) is the case of the longest alternating subsequence
(in the first case starting with increasing and ending with decreasing, and in
the second case vice versa). Stanley [16] investigated alternating sequences
and showed that the expected value of the longest alternating subsequence in
a uniformly random permutation from .S,, behaves asymptotically as %n (Of
course this asymptotic behavior is independent of how we define the initial or

terminal direction in the sequence.) See also further results by Widom [18].
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The analysis in the alternating case is simpler than in the increasing case
because, as Stanley noted, there is always a longest alternating subsequence
(either beginning with down or ending with up) of o € S,, which contains
the number n. Thus, a longest subsequence can be broken down into smaller
pieces that are concatenated. The methods of Stanley and of Widom are very
much combinatorial. For a probabilistic approach to the longest alternating
sequence, see [7] and [13].

In [16], Stanley also posed the question of whether it is true that for any
pattern of ups and downs as we have defined above, there exist constants p
and ¢ such that the expected value of the length of the longest subsequence
repeating this pattern in a uniformly random permutation from S, behaves
asymptotically as un®. The recent paper [1] answered this question in the
affirmative, and showed in particular that for every pattern except for the
pattern U corresponding to the longest increasing subsequence, one has
¢ = 1. Thus, for every pattern except for U, the asymptotic behavior of
the expected value of the length of the longest subsequence repeating that
pattern is pn, for some p € (0,1). The authors of [1] did not explicitly
calculate the value of u; however, they constructed a dynamical system that
can be used to approximate pu. They also proved a central limit theorem
for the length of the longest subsequence repeating any particular pattern,
except for the pattern U.

In this paper, instead of considering a permutation that is uniformly ran-
dom from S,,, we consider a permutation that is uniformly random from
those permutations in S, which avoid a certain pattern of length three.
Our aim is to calculate explicitly the asymptotic behavior of the expected
value of the length of the longest subsequence repeating certain patterns of
ups and downs in such a random permutation. Before continuing to ex-
plain this, we recall the definition of pattern-avoiding for permutations.
Ifo =o01-0p, € S, and 7™ = 717, € Sy, where 2 < m < n,
then we say that o contains 7 as a pattern if there exists a subsequence
1 <idy <ig <+ < iy < nsuch that for all 1 < j,k < m, the inequality
oi; < 0, holds if and only if the inequality 7; < 74 holds. If o does not
contain 7, then we say that o avoids 7. We consider here permutations on

Sy, that avoid a pattern 7 € S3. Denote by S, (7) the set of permutations
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in S, that avoid 7. It is well-known that |S,(7)| = C), for all six permuta-

tions 7 € S3, where C,, = L(%?), n € N, is the nth Catalan number [3].
(1)

nt+1

Let P2 denote the uniform probability measure on S,,(7) and let E;,"
denote the corresponding expectation.

As already noted, the pattern U corresponds to increasing subsequences.

In [4], the asymptotic behavior of the expectation of the longest increasing

P;?V(T) was

subsequence L,, of a random permutation under the distribution
obtained for all six permutations 7 € S3. Of course, the case 7 = 123
is trivial. The expectation is on the order n only for 7 € {231,312,321}.
The asymptotic behavior of the variance v, (7) was also investigated, and the
limiting distribution of % was calculated, the limit being Gaussian
only for 7 € {231,312}. Large deviations were considered in [11]. For
other results concerning longest increasing subsequences in pattern-avoiding
permutations, see [9] and [10].

As already noted, the pattern UD (or DU) corresponds to alternating sub-
sequences. In [6], the asymptotic behavior of the expectation of the longest
alternating sequence of a random permutation under the distribution PSV(T)
was shown to be 7 for all six choices of 7 € S;,. The asymptotic variance
was also obtained as well as a central limit theorem. Large deviations were
considered in [11].

In this paper, for the patterns UUD and UUU D, we will calculate the
asymptotic behavior of the expectation of the longest subsequence repeating
that pattern in a uniformly random permutation avoiding the pattern 132.
The proof in the case of UUD involves analyzing the asymptotic behavior
of the coefficients of either of two generating functions that satisfy a system
of two linear equations. The calculations are somewhat involved. The proof
in the case UUU D involves analyzing the asymptotic behavior of the coeffi-
cients of any one of three generating functions that satisfy a system of three
linear equations. Here the calculations are quite involved. In principle, our
technique can be continued for the pattern U'D, for any | € N, where U’
indicates [ consecutive U’s. However, this involves solving a system of [ lin-
ear equations for [ generating functions, solving explicitly for one of them,
and then analyzing its coefficients. It also involves solving an auxiliary set

of equations to calculate the probability that o € S,,(132) does not have an
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increasing subsequence of length j, for j = 1,--- |1 (an extension of Lemma
1 in Section 3).

We now state two theorems for 132-avoiding permutations, one for the
pattern UU D and one for the pattern UUU D.

Theorem 1. Let Lf{QD(J) denote the length of the longest subsequence of
the repeated pattern UUD in o € Sp(132). (So LU*P(q) is either equal to 0
or to 3k + 1 for some k € N.) Then

2 3

(1.1) B ILTE ~ S

Theorem 2. Let ngD(J) denote the length of the longest subsequence of
the repeated pattern UUUD in o € Sn(132). (So LU"P(0) is either equal to
0 or to 4k + 1 for some k € N.) Then

5 4
(1.2) E32) LUSD e

Remark. Recall that for the repeated pattern UD (which corresponds to

alternating subsequences), the corresponding asymptotic behavior is %n

The reason the cases U'D are in principle tractable for 132-avoiding per-
mutations is that a variant of Stanley’s observation holds in these cases;
namely, that for a 132-avoiding permutation, there is always either a longest
subsequence repeating the pattern U'D that contains the number n, or else,
every such longest subsequence starts after the appearance of the number
n in the permutation. Using the reversal, complementation, and reversal-
complementation operations for permutations, the results we obtain for the
up-down patterns UUD and UUU D for permutations avoiding the pattern
132 can be translated into similar results for appropriate up-down patterns
for permutations avoiding any one of the patterns 213,231,312. Using a
well-known bijection between permutations avoiding the pattern 132 and
permutations avoiding the pattern 123, along with reversal, the results we
obtain can also be translated into similar results for appropriate up-down
patterns for permutations avoiding either of the patterns 123, 321. These

results are given in the following corollary.

Corollary 1. i. Let LY1V2V3(o) denote the length of the longest subsequence
of the repeated pattern V1VoVs in o € Sy, where V; € {U,D}, i = 1,2,3.



6 ROSS G. PINSKY

Then
(1.3) Ep LY~ %n

for the following five pairs of ViVoVs and 7: UDD and 231; DDU and 312;
DUU and 213; UDD and 123; UUD and 321.

ii. Let LY1V2V3Va(g) denote the length of the longest subsequence of the re-
peated pattern ViVoV3Vy in o € Sy, where V; € {U,D}, i =1,2,3,4. Then

(1.4) E@M [ViVeVaVa %n,

for the following five pairs of ViVoVs and 7: UDDD and 231; DDDU and
812; DUUU and 213; UDDD and 123; UUUD and 321.

We prove Corollary 1 in section 5.

We prove Theorem 1 in Section 2. We derive a system of two linear
equations for two generating functions, and then solve explicitly for one of
them. These generating functions are connected to the expected number of
complete patterns UUD in a maximal subsequence. The leading order as-
ymptotic behavior of the coefficients of either of these generating functions
is equal to the leading order asymptotic behavior of %CnEzv(lz)’Z)Lg D Per-
forming an asymptotic analysis of the coefficients of this generating function
yields the proof of the theorem.

The proof of Theorem 2 is much longer. In Section 3 we derive a sys-
tem of three linear equations for three generating functions, and then solve
explicitly for one of them. The explicit expression for this generating func-
tion is quite involved. These generating functions are connected to the
expected number of complete patterns UUU D in a maximal subsequence.
The leading order asymptotic behavior of the coefficients of any of these
three generating functions is equal to the leading order asymptotic behavior
of %C’nEZV(lw)L,({SD. In Section 4 we perform a lot of algebra in order to
obtain the generating function in a more manageable form. Then we per-
form an asymptotic analysis of the coefficients of this generating function to

yield the proof of the theorem.
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2. PROOF OF THEOREM 1

For o € S, and n € N, define BY’P () to be the number of complete sets
of UUD in a longest subsequence in o of the repeated pattern UUD. Thus,

(L8 P(0) = 1), i LY*P(0) £ 0;

(2.1) BY*P(0) =
0,if LV*P(0) = 0.

Also, for convenience, we define BY D =

For o € S,, and n € N, define AgQD(U) =0, if 0 = n---21; otherwise,
find a longest subsequence {c;, }?S{Q, k € Z*, of o for which the up/down
pattern is UUD ---UUDU, and define Ag2D(a) =k + 1. For convenience,
we define AgQD =0.

In the sequel, for any j € N,

as random variables on the probability space (Sj(132), va(lw)). Define

BJUQD and A]-U2D will always be considered

(2'2) b, = Ezv(132)BT(LJ?D; apn = 157@9{\1(1:1,2)147({2D7

where we have suppressed the notation U2D. Define the generating functions
for {Cpbn}o, and {Cpan}oe, by

BUP(t) =3 Crubat™;

(2.3) "
AV () = 3" Crant™

n=0

Also let C(t) = Y02, Cnt! denote the generating function of the Catalan
numbers, where we define Cy = 1. As is well-known,
(2.4) o) = 1-vi-4 ”21_475.

The following definition will be useful. Let a1 < as--- < a,, be real
numbers and let p = p1---py be a permutation of these numbers. We
define red(p) € Sy, the reduction of p, to be the permutation in S,, that
has the same pattern as p. That is, red(p) = o if o satisfies 0; < o; whenever
pi < pj, 1,J € [m]. Note that the up/down pattern that one can associate
with p = p1-+-pp, is the same as the up/down pattern associated with
red(p). Every permutation o € S,(132) has the property that if o; = n,
then the numbers {n — 5+ 1,--- ,n — 1} appear in the first j — 1 positions
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in o and the numbers {1,--- ,n — j} appear in the last n — j positions in o.
From this fact, along with the fact that |S,(132)| = C,,, it follows that
Cj-1Cn—j

(2.5) P00y = n) = S

, for j € [n].

It also follows that under the conditioned measure P,?V(l?’Q)]{aj = n}, the

permutation red(oy ---0j_1) € Sj_1 has the distribution P;Z(llgz), the per-

mutation oj41---0, € S,—; has the distribution Psz(jlm)

, and these two
permutations are independent.

We now derive a system of two linear equations for BU*P(t) and AV*P(t),
and then solve for one of them explicitly. From the definitions of BY *D and

2
AYV"DP e have

Bf{QDzo, 0<n<3; AgQDEO, 0<n<l1.
Thus,

b,=0, 0<n<3;
(2.6)

a, =0, 0<n< 1.
The following proposition is the key to obtaining a pair of linear equations
for the generating functions BU”2(t) and AV*P(¢).

Proposition 1. 1.

BgZDHUj =n} st A?_Qf) +Bf{f§’, je€M—1], n>2

(2.7)

BY*P {0, =n} &' BUP n> 2,

where on the right hand side of (2.7), A;ij) and BfﬁjD are understood to be
independent.
ii.
(2.8)
AP or=n} T AT, n >
ATP oy =np B (ATP + ATV ooy, + (BEP +1) 120y,
n—j n—j
je{2,---,n}, n>2,
where on the right hand side of (2.8), Agff) and Agi? are understood to be

independent and BJUle and ATU;JJ-) are understood to be independent.
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Proof. The first line of (2.7) follows from the equality

29) BYP(0) = AV P(red(0y -~ 0j-1)) + BLP (0441 - o), i 0 = m,
2.9
for j e n—1],n>2,

along with the fact noted above that under the conditioned measure PaV (152) \{

n}, the permutationred(oy - - - 0j_1) € S;_1 has the distribution P; _(1132) the

av(132)

05 =

permutation o1 - -0, € S,—; has the distribution P, , and these two
permutations are independent. Rather than give a formal proof of (2.9), we
convince the reader of its validity by giving an example and then a generic
explanation.

Let o = 435768921. Thenn = 9 and j = 7. We have A}~ “D (red(0y---0j1)) =
AU D (red(435768)) = AU’P(213546) = 2, because the subsequence 23546
(as well as 13546) corresponds to UUDU. We have B (0']_;,_1 o) =
BY*P(21) = 0. And we have BU"P(0) = BgQD(435768921) = 2 because the
subsequence 4576892 (as well as several others) corresponds to UUDUUD.

Generically, BY R (o) is the sum of two terms. One of the terms is
Agle (red(o1---0j-1)), which counts the number of full sets of UUD and
then adds one for an extra U. This extra U, along with o; = n and 041 sup-
ply an additional full set UU D which was counted by AUQD (red(m - 0j-1))
(via the adding one for the extra U). The other term is BY” (UJH “On),
which counts the remaining sets of UUD.

The second line of (2.7) is obtained using the following rather obvious

equality instead of (2.9):

BUQD(U) = Bgill)(al ceeop—1), if 0 = n.

n

The second line of (2.8) follows from the equality
(2.10)

2 2 2
ALP(0) = (AP (red(or -+ 05-0)) + AP (0741w 00) La220(0 1 om0 ™

2 . .

(B]-U,{) (red(o1---0j-1)) + 1) 1A£L’f§’(aj+1~-an):0’ if oj =n, for j € [n—1],n > 2,
along with the fact noted above that under the conditioned measure Paw (152) \{ oj =
n}, the permutation red(oy - - - 0j-1) € Sj—1 has the distribution Pav(m) the

av(132)

permutation o4 -- -0, € S,—; has the distribution P, , and these two

permutations are independent.
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In the case that ATl{i]D(O'jJ,_]_ ---on) # 0, (2.10) is obtained by reasoning
similar to that for (2.9). We explain (2.10) in the case that Agi? (Cjp1---0pn) =
0 with an example. Let o = 435786921 (slightly different than the o used
above). Son =9 and j = 7. We have A,r[{i]D(Uj+1 ceOp) = AgQD(Ql) = 0.
We have BY*P (ved(oy -+ 0j-1)) = BY P (red(435786)) = BY P (213564) =
1 because the subsequence 2354 (as well as several others) corresponds to
UUD. And we have AUP(5) = AY’P(435786921) = 2 because the sub-
sequence 45769 (as well as several others) corresponds to UUDU. (Note
that AV"P(red(oy -+ 0j-1)) = AY*P(red(435786)) = AY P(213564) = 1
because the subsequence 23 (as well as several others) corresponds to U.
Thus, when Agi]D(ajH ---0op) =0, it is not true in general that AT[{QD(U) =
AV P (red(or -~ 051)) + AL P (0501 00).)

The first line of (2.8) is obtained using the following rather obvious equal-
ity instead of (2.10):

AV*D 5y = AU*D () ... 5, if 0y = .

From (2.5) and (2.7), it follows that
(2.11)

b, = EZV(132)B7({2D _ ZE2V(132)(BTI{2D|U]' _ n)P;V(BQ)(Uj _ n) _
j=1

1
nz: (Egv(132)AU21D n Eav(132)BU2D> Cj-1Cn—;j 4 E(182) gU?D Cn-1Co
j— n—j

— J—1 n—j Cn n—1 n—1 Cn -
n—1
Ci1Cn—; Cr-1C
Z (@j—1+ bp_j) % + bn—1 Cl 0, n > 2.

Multiplying both sides of (2.11) by C,t", summing over n from 4 to oo, and

using (2.6), we obtain

(2.12)
o) 00 n—1
BUQD(t) = Z Cpbpt" =t Z Z (aj_l + bn_j) Cj_lCn_j tn_l—i-
n=4 n=4 \ j=1

o0
thn,lcn,lt”—l.

n=4
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Straightforward algebraic calculations along with (2.6) show that

00 n—1
S D 0G| 1 = AVP @) () - 1)
n=4 \ j=1
(2.13)
00 n—1
Z an_jCj_lCn_j tn71:BU2D(t>C(t).
n=4 \ j=1

From (2.12) and (2.13), we obtain
BUP (1) =t (AVP (1) (C(t) = 1) + BT P()C(t) + BUP (1)

which we write as

t(C(t) — 1) AV*D (1)
1—t—tC(t)

(2.14) BUP(t) =

Note that for | € N and o € 5;(132), A%JQD(J) = 0 only for o =1---21;
thus PV (A7*P = 0) = L. Using this with (2.5) and (2.8), it follows
that

n
an = B AL = N g5 (AP o) = 1) P13 (g = ) =
Jj=1

CoCr_1 - 1 Cj,lC’n,j
. (1= i | ==
(2.15) c, ol + ]222 <a] 1 ( Cn_j> +a j> c. +

n

Z bji—1+1Cj_1Cy—;
Coy  Cu

=2

Multiplying both sides of (2.15) by C,t", summing over n from 2 to co and
using (2.6), we obtain
(2.16)

AV () = 3" Crant™ =
n=2

00 00 n 00 n
tzcn_lan_ltnil +tz Zaj_le_lCn_j tnil —tz (Z(Ij_lcj_l)tnil‘i‘
n=2 n=2 \ j=2

n=2 j=2

tz Zijlan,an,j gt +tz ijflojfl gt —}—tz 203;1 L

n=2 \ j=2 n=2 \ j=2 n=2 \ j=2
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Straightforward algebraic calculations along with (2.6) show that

(Z ajlcjlcnj) "= = AV ()0 (1);

=2

Me 10

( cjlanjcnj) £t = A1) (C(1) - 1);
n=2 \ j=2
o'} n U?D
(2.17) SO>S a0 )t = Al (®),
n=2 j=2 —t
Iy w1 _ BUP()
Z(ij—lcj—l)t B
n=2 j=2
> (y et = S
n=2 j=2
From (2.16) and (2.17), we obtain
(2.18)
_.AU2D(t)

+ AVP (1) (C(t) — 1) +

AVPD (1) = ¢ (AUQD(t) + AP0 1—¢

BUP(t)  C(t) -1
1—t + 1-—t )’

which we write as
¢ (BU2D(t) F o) - 1)

(2.19) ATP() = QI—t)(1—26C@)+¢

Substituting (2.19) in (2.14) and solving for BU’L(t), we obtain

t* (C(t) — 1)’
(1=t)(1=2tC(t)) +t) (1 —t —tC(t)) — t2(C(t) — 1)

(2.20) BUP(t) =

We write the denominator in (2.20) as
- (A —=t)(1—=2tC1t)) +t) (1 —t —tC(t)) —t*(C(t) — 1) =
(2.21) t2—t 14 (=267 + 3t2 = 31)C(t) + 2t*(1 — t)C?(t).

Using (2.4) and performing some algebra, we have

t2—t 14 (=262 4 3t2 = 3t)C(t) + 2t3(1 — t)C?(t) =

(2.22) 1
5 (22 —t+1)VI—4t+ (1 —t)(1 —4t)).
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Using (2.4), the numerator in (2.20) can be written as.
(2.23) t2(C(t) —1)* = % (2 — 4t + 1+ (2t — 1)V1 —4t) .
From (2.20)-(2.23), we obtain

BUD (1) = 202 — 4t + 1+ (2t — 1)1 — 4t
@2 —t4+1D)VT =4+ (1 —t)(1—4t)
The denominator on the right hand side above is defined for ¢ < % and

vanishes only at ¢ = 1. Let 2 = (1 — 4t)% > 0. Then t = #. We can

(2.24)

rewrite BU”D(t) in terms of x as

1 (/7 —28x + 4222 — 283 4+ 7Tzt
2.25 UD () = —
( ) B () Tr 7+ 6x + 223 + 24

),x:m.

It is well known (see for example, [5, p. 381]) that

(226) [ (1—4)"° = 4%7;(:&; <1 ) <711>) , for a € C — Zo.

where as usual, [t"]f(t) denotes the coefficient of ¢" in the power series
representation of a function f(¢). Denote the expression multiplying % on
the right hand side of (2.25) by g(x), and now consider x to be a complex

variable. Then g(x) is analytic in a neighborhood of zero, so one has

(2.27) g(x) =

7287 +422% — 282° + T2t N, .
7+ 6z + 22% + 24 _n;)amx 0=

and there exists an R such that |a,,| < R™. From (2.25) and (2.27), we

write
2p 1 &1
BUP(t) = — = "
( ) T + w;) 7am+1x

From (2.25), (2.26) and the definition of z, it follows that

NI

(2.28) #BUD (1) ~ %471"_

A

From (2.3) and (2.2), we have [t”]BUQD(t) = Cpb, = C’nE?LV(f)Z)B,[{ZD,
and as is well known, the Catalan numbers satisfy C, ~ 4”"_7:. Using
these facts with (2.28), we conclude that
(2.29) Eav(132) pUPD. %n
Now Theorem 1 follows from (2.29) and (2.1).
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3. DERIVATION OF THE GENERATING FUNCTIONS FOR THEOREM 2

For o € S, and n € N, define BY’P () to be the number of complete sets
of UUUD in a longest subsequence in ¢ of the repeated pattern UUU D.
Thus,

F(EP(0) =) i L0 (0) £ 05

(3.1) BY’P(0) =
0,if LUV*P(5) = 0.

Also, for convenience, we define Bg D = .

For o € S, and n € N, define GggD(a) =0, if o =n---21; otherwise, find
a longest subsequence {0, };*51'2, k € Z", of o for which the up/down pattern
is UUUD ---UUUDU, and define GV’P(5) = k + 1. For convenience, we
define G873D =0.

For ¢ € S, and n € N, define AT[{BD(U) = 0, if o0 has no increas-
ing subsequence of length three (or equivalently, if o has no subsequence
{oi; }?:1 which corresponds to the pattern UU); otherwise, find a longest
subsequence {0, }?f{?’, k € Z*, of o for which the up/down pattern is
UUUD---UUUDUU, and define Ag?’D(a) = k + 1. For convenience, we
define Ag?’D =0.

In the sequel, for j € N, BJUSD , G?SD and A?SD will always be considered

as random variables on the probability space (Sj(132), ID;V(132)). Define
(32) b, = Egv(lSQ)BgSD; Gy = Egv(132)GT({3D; ay = E2V(132)A7[{3D7

where we have suppressed the notation U3D.
Define the generating functions for {Cy,b,, }52 o, {Cngn}o2 o and {Cran }02

BUP(t) =3 Cbat™;
n=0

(3.3) GUP(t) = Cugnt™
n=0

AV (1) =3 Crant™
n=0

We will derive a system of three linear equations for BUP(¢), GU*P(¢)

and AVP () and then solve for one of them explicitly. From the definitions
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of B}{3D, G,[{SD and AgSD, we have
BU'P =0, 0<n<4; GU'P=0,0<n<1; AP =0 0<n<2.
Thus,

by =0, 0<n <4
(3.4) g =0, 0<n<1;

apn=0,0<n<2.

The following proposition is the key to obtaining a set of three linear equa-
tions for the generating functions BU°P(t), GU°L(t) and AV*P(¢).

Proposition 2. i.

. BY'Pl{o; =n} B AVP + BUP jen—1], n>2

BY*P|{o, =n} &' BU’P n>2,

where on the right hand side of (3.5), A?j{j and ng? are understood to be
independent.

it.

(3.6)

Ggng{Jl =n} st QU > 2;

n—1>
3 dist 3 3 2
GEP oy = n} % (ATP + GEP) 1gusn gy + (BIP +1) Ligusn_yy.

jE{Qa"')n}v n227

where on the right hand side of (3.6), Agj_ng and Ggi? are understood to be
independent and BJU_BP and Ggi? are understood to be independent.

AVP oy = n}y B AV >,

3 dist 3 3 3
(37 A P{oj=n} = (AEJ_P + Aﬁ{_?) Lawspoy + Gg']—?l{&{f?:o}’

jE{Q,"',ﬂ}, ’I’l22,

where on the right hand side of (3.7), Ag_gf) and Agi? are understood to be

independent and G?le and ATU;]]-) are understood to be independent.
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Proof. The proof is similar to that of Proposition 1. The first line of (3.5)

and the second lines of (3.6) and (3.7) follow from the rather obvious equal-

ities
B,ZLJSD( ) = BUSD( cevop—1), if o =m;
Gf{SD( )= GUSD( ceop), o =mn;
AVD 5y = AU"D (55 ... 5, if 0y = .

Recall the notation red(c) that was introduced in the paragraph contain-

ing (2.5). The first line of (3.5) follows from the equality

(3.8) BY'P(0) = AV’ P(red(01 -+~ 051)) + B P (041 -+ o), if 05 =,
. for j € [n—1],n > 2,

along with the fact that under the conditioned measure pvs2) {o; = n},
av(132) . the

and these two

the permutation red(oy---0j-1) € Sj—1 has the distribution P
permutation o1 --- 0, € S,—; has the distribution Pav(lsz)
permutations are independent. The explanation for (3.8) is essentially the
same as the explanation for (2.9). Generically, BU*P(¢) is the sum of two
terms. One of the terms is AJ-U_:? (red(oq - --0j—1)), which counts the number
of full sets of U3 D and then adds one for an extra UU. This extra UU, along
with 0; = n and o041 supply an additional full set U 3D which was counted
by AU3D (red(01 e Ujfl)) (via the adding one for the extra UU). The other
term is B (0']_;,_1 o), which counts the remaining sets of U3D.
The second line of (3.6) follows from the equality
(3.9)

3 3 3
GYP(o) = (A?—f)(red(al 0j1) + Gy (o n)) Laro (o1 on)20T

2
(B].UJD (red(o1---0j-1)) + 1) 1GU3D(0'J+1 -07)=0"

ifoj=n, for jen—-1],n>2,

along with the fact that under the conditioned measure pvs2) {o; = n},
av(132) . the

permutation o1 -- -0, € S,—; has the distribution P ( 2) , and these two

the permutation red(oy---0j_1) € Sj_1 has the distribution P

permutations are independent. The explanation for (3.9) in the case that
GT[{S? (Oj41---0n) # 0 is similar to the reasoning for (3.8). We explain

(3.9) in the case that G (JJ+1 -0op) = 0 with an example, the same
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example used to explain (2.10) in the case that Agi? (0j41---0opn) =0. Con-
sider 0 = 435786921 So n = 9 and j = 7. We have GV"P (0541 0,) =
GQUBD(Ql) = 0. We have ijf)(red(al S 0jo1)) = Bg3D(red(435786)) =
BgSD(213564) = 1 because the subsequence 23564 (as well as 13564) cor-
responds to U3D. And we have GU*P(g) = GgBD(435786921) = 2 because
the subsequence 457869 (as well as 357869) corresponds to U3DU. (Note
that AV"P(red(oy -+ 0j_1)) = AY°P(red(435786)) = A P(213564) = 1
because the subsequence 235 (as well as several others) corresponds to
UU. Thus, when Ggi]D(O'jJ'_]_ ---op) = 0, it is not true in general that
GY'P(0) = AV P (red(01 -+ 051)) + G P (041 00).)

The second line of (3.7) follows from the equality
(3.10)

AT[{BD(U) = (A?_Sf)(red(al ce0jo1)) + Agi?(UjH i 'Un)> lAUSD(o'7-+1~~-U7L)7£O+

n—j
(G?le (red(oy - - ~a‘j71))) 1AU3D(
n—j

ifoj=mn, for jen—-1},n>2,

oj410n)=0

along with the fact that under the conditioned measure PSV(132)|{UJ~ =n},

gv(132)

the permutation red(oy---0j—1) € Sj—1 has the distribution P, ", the

J
permutation o1 ---0, € S,—; has the distribution PSZ(;?’Z), and these two

permutations are independent. The explanation for (3.10) in the case that
Agi? (0j+1---0opn) # 0 is similar to the reasoning for (3.8). We explain
(3.10) in the case that Af{i?(ajﬂ ++0,) = 0 with an example. Consider
o = 786543921. Son = 9 and j = 7. We have Agi?(ajﬂ---crn) =
AY*P(21) = 0. We have GYV°P(red(o1 -+ 0j-1)) = G P(red(786543)) =
GY °D (564321) = 1 because the subsequence 56 corresponds to U. And we
have AU () = AQUSD(786543921) = 1 because the subsequence 789 corre-
sponds to UU. (Note that Ag-]_ng(red(al ce0jo1)) = AY’D (1red(786543)) =
AY’P(564321) = 0. Thus, the equality AV*P(5) = ijlD(red(al ce0jo1))+

3

flU’l)

;g (0j+1---0p) is not true in general when AnUi]D(ajH ceeop)=0.) O

We now use Proposition 2 to derive a system of three linear equations
for BU*P(t), GU°P(t) and AV°P(t). Note from (2.7) and (3.5) that the con-
ditional distributions of BU”P(¢) and BU°P(t) are exactly the same except
that AUP(t) in (2.7) is replaced by AU°P(t) in (3.5). Thus, it follows from
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(2.14) that

t(C(t) — 1) AV°D (1)

(3.11) BYP(t) = eIy

We now turn to GV°P(t). Note that for I € Nand o € $;(132), GlUSD(U) =
0 only for ¢ =1---21; thus PlaV(BQ)(GlUgD =0) = C% Using this with (2.5)
and (3.6), it follows that
(3.12)

n
g0 = ERUIGTP = 3T BN 0GP0y = )P0 (o) = )
j=1

" 1 Ci_1Ch_; " bi_1+1C,_1C,—;
- 1 — i y—tn=j J J n-j
) (o (1 ) o) S T O

J Jj=2

~ CoCp
e

Gn—1+

Multiplying both sides of (3.12) by C,t", summing over n from 2 to co and
using (3.4), we obtain
(3.13)

gUBD(t) = Z Cngntn =
n=2

n=2 \ j=2 n=2 j=2

t Z Cnflgn,ﬂfn_l +t Z (Z alelenj) tnt— tz (Z aj,le,l)t”_1+
n=2

t Z (Z legnanj) tn_l +t Z (Z bjl(?jl) tn_l +t Z (Z le) tn_l.
n=2 \ j=2 n=2 \ j=2 n=2 \ j=2

Considerations almost identical to those that led from (2.16) to (2.18) yield
(3.14)

: : : U3D
g () (t) =t (GU "D(5)(1) + AP @) )0(r) — 2D

—— 6P (O - 1)+

BU'P(1)  C(t) -1
1—-1t + 1—t )’

which we write as
(3.15)
(t0(t) = 1 ) ATP(1) + £5BYP (1) + 1 (C() — 1)

Gu P ()(t) = 1—tC(t)

We now turn to AV°P(t). We need the following lemma.
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Lemma 1.
(3.16) P A0 ) =2 [N,

Remark. The lemma is equivalent to the fact that the number of permu-
tations in S; that simultaneously avoid 123 and 132 is equal to 2'~!. This
can be found for example in [12]. However, we provide an alternative proof

because several of its components will be needed afterwards.

Proof. For convenience, define

y =PI APD — o) e N;
(3.17)
7 = 1.

For o € S, distributed as ]:’lav(132), and conditioned on o; = [, the per-

mutations red(o; ---0;—1) and 041 - -0y are independent and distributed
respectively as Pﬁ%m) and Pla_vl.(l32). If 0, = [, then AZU3D<O') = 0 if
and only if fo)(red(al---ai,l)) = 0 and Af]jiD(UiH---Jl) = 0. Now
GZU_SlD(red(al ---0;-1)) = 0if and only ifred(01 -+v0j—1) =i—1---21. Thus,

Pfﬁl?ﬂ) (GZUj’lD(red(al o)) = O) = i Therefore, we have
P,lav(132) (AIUSD(O') _ 0|Uz — l) — g"l—’i '
i—1
Consequently,
!
w:Plaw(132)( USD _ Z Ci— 101 i ’Yz i ch =i

i=1

which we write as
-1

(3.18) k‘l = Z k‘i, ki = Cl%
i=0

Multiply both sides of (3.18) by ¢! and write the resulting equation as

-1

(3.19) kit =1 kit T
1=0
Let K (t) = 7% kit'. Summing (3.19) over [ from 1 to oo, one obtains after

some algebra
tK(t
K =1+ T,
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which yields

1-1 1—1,1
2 K(t) = =1 7—1 AN A
(3 O) () 1 -2t +1—2t +Z

Thus, Cjy; = k; = 271, 1 > 1. Consequently P av(132) (AUBD =0) =y
2l 1
o O

Using (3.17) with (2.5) and (3.7), it follows that

n

n= B OALTD = 37 B (AT P oy = n) P09 (0 = ) =

7j=1
n
- C: 1O,
(321) — a1+ Y (051 (1= Yoy) + anj) %Jr
n = -
n
Cj_1Ch;

Zgj—lvn—j Zimieng

C
j=2 "

Multiplying both sides of (3.21) by C,t" and summing over n from 2 to oo,
and recalling (3.4), we obtain
(3.22)

AUPP (¢ ZC ant”—tZCn Lan 1" 1+tz ZC] 1aj 1 Crj | 71—

n=2 \ j=2

00 n 00 n

tz ZCj—laj—lf}/n—an—j tnil —f-tz ZC’j_lCn_jan_j tn71+
n=2 \j=2 n=2 \ j=2
00 n

tz Z Cj-19j-1¥n—jCn—j | t" 1.

n=2 \ j=2
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By (3.18), Yn—jCn—j = kn—j. Using this with (3.20), we have
(3.23)

o0 n

Z ZCj—mj—wn—an—j :Z ZC] 1aj_1kn_j | "1 =
n=2 \j=2 n=2
U3D 1 - U3D
Z ZCJ 19j-1Yn—jCn—;j Z Z j—19j—1kn—; "t =
n=2 \ j=2 n=2 \ j=2
1—1¢ 3

K U3D(py _ UD 4y

(1""P (1) = =GP (1

The two terms on the left hand sides of (3.23) appear on the right hand side
of (3.22). The other terms on the right hand side of (3.22) can be treated via
straightforward algebraic calculations, similar to what was done in previous

calculations. This allows for (3.22) to be written term by term as

AVSD(8) = 1 AV*D () 4 t AV P (1) O(8) — L AVD ()4

1-1¢

U3D
1-— 2tg ®),

tAVP () (C(t) — 1) +

which yields

t(l t) gU3D(t)

(3.24) AVPP () =

a0+ B0

Now (3.11), (3.15) and (3.24) provide a system of three linear equations
for the three generating functions BU°P(t),GU°P(t) and AV°L(t). Since
GU*P(g), AVP(5) € {BY’P(5) — 1,BU*P(¢), BU"P () + 1}, for all n € N
and all ¢ € §,, the leading order asymptotic behavior is the same for
Eﬁv(132)Bg3D,Eﬁv(lw)Gf{gD and Eﬁv(lw)Ag?’D. Thus, it doesn’t matter
which of the generating functions we solve for. We will solve for gu*p (t).
We start with (3.15), and replace the term BY°P(t) on the right hand side
of (3.15) with the right hand side of (3.11). After rearranging some terms,
this gives

t(C(t)—1)

G"P0 = Ty —womy T

<tC(t> _ . i 7 i tZ(C(t> - 1) ) 1 AU3D(t).

(3.25)

A-t)(1—t—tC))1—tC@)
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Now we replace AV°P(t) on the right hand side of (3.25) with the right hand
side of (3.24). This yields an equation in which only the generating function
GU*D(t) appears. Solving for GV P (t), we obtain

(3.26)

gUSD(t) — t(C(t) — 1)

(L—=1) (1 —=tC(t) (1 —du(t))’
B t t2(C(t) — 1) 1 t(1 —1t)
d“”_<“X”_1—t+(y—w@—t—ww»><1—mxw>(1—2t>x

1
(1 —2tC(t) + t§1_2?> '

4. COMPLETION OF THE PROOF OF THEOREM 2

where

In (3.26), when we perform the multiplication (1 — ¢) (1 —tC(¢)) d1(t),
the second of the four factors in d;(t) will disappear, and the 1 — ¢ in the
denominator of two of the terms in the first factor will also disappear. We

obtain
(4.1)

(L= 1) (1= tC(6) dit) = ((1 e -+ SO0 — ”) (“1 ‘”) .

1-t—tc@t)) \1-2t
1
1—2tC(t) + =0 )

Multiplying the denominators of the second and third factors on the right
hand side of (4.1), we have

#H1—t)
1—2¢

(4.2)  (1—2t) (1 — 2tC(t) + ) =1—t—t* = 2t0(t) + 42C(t).

Thus, multiplying both the numerator and the denominator on the right
hand side of (3.26) by 1 —t — t? — 2tC(t) + 4tC(t), and using (4.1) and
(4.2), we obtain

tCt)—1) (1 —t—t* = 2tC(t) + 4>C(t))

@3 ¢ = =0 ,

where

do(t) = (1 —t)(1 —tC(t)) (1 —t — % — 2tC(t) + 4°C(t)) —

(4.4) 2 _
Ql—ﬂﬂ%ﬂ—t+f£i@u£%>ﬂl—ﬂ.
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Multiplying the numerator and the denominator on the right hand side of
(4.3) by 1 —t —tC(t), and using (4.4), we obtain

(45) g'P () = S
where
(4.6)

n(t) =t(Ct) —1) (1 —t —t* —2tC(t) + 42C(t)) (1 —t — tC(t));
dt) = (1—t)(1—tO(t)) (1 —t —t* = 2tC(t) + 4°C(t)) (1 —t —tC(t)) —
(((1 —O(t) — t) (1 — t — tC(t)) + 2(O(t) — 1)>t(1 —9).

Grouping powers of C(t), we have

n(t) = Az(t)C3(t) + Az (t)C%(t) + AL (£)C(t) + Ao(t);

(4.7)
d(t) = B3(t)C®(t) + Ba(1)C*(t) + Bi(t)C(t) + Bo(t),
where
As(t) = 263 — 4t%; Ay(t) = t* + 5t° — 3t2;
Ay(t) =4t — 1 12 1t Ag(t) = —t + 262 — t;
(4.8)
Bs(t) = —4t° + 6t — 2t3; By(t) = —2t° + 12t — 15¢3 + 5¢2;
By(t) = 2t° +t* — 11#3 4 12t — 4t; Bo(t) = —t* +3t> — 3t 4 1.
Recalling the formula for C(¢) in (2.4), we have
1—2t—/1—4t
C2(t) = ;
(4.9) 2t
5 1-3t—(1—t)WI—4t
C3(t) = .
213
Letting
R:=+v1—-4t

and substituting from (2.4) and (4.9) in (4.7), we obtain after a lot of algebra

n(t) = (_(1 —1)As(t)  Ao(t) Al(t)> Ry

213 212 2t
(1—30)A35(t)  (1—20)A0(t)  As(t) .
(4.10) 23 : 212 : ;t + Ao(t);
' (1—-1)Bs(t) _ Ba(t)  Bi()
dlt) = <_ 213 - 22t2 - ;t >R+

(L=30)Bs(t) | (1=20)By(t) , B(t)

By (t).
23 22 or T o(t)
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Using (4.8), one finds that

(4.11)

SO DAE A0 A gy,

(1- ?;ilAz(t) (1- 22?2142(75) A;I(tt) + Ao(t) = £3(1 — b);
_a —253@) _ B;t(;) _ B;it) — i gt?’ + gﬂ - gt + %;

From (4.10) and (4.11), we have
(4.12)
n(t) =t*(1 - 2R+ t*(1 — t);
3, 9, 5 13, 15, 7, 1

1
dty = —t* =8P+t —St4+ - JR+2t" — =3+ 2 — ~t 4 .
®) < 2" T3 2+2> * SR 2' T3

At this point, (4.5) and (4.12) give an explicit formula for GV*P(¢). Similar
to what we did after (2.24) in the proof of the previous theorem, we could
try to rewrite this formula exclusively in terms of R and do the singularity
analysis with respect to R. But it seems computationally simpler to continue
with ¢ and do the singularity analysis with respect to t. Recall that R =

1 — 4¢t. In order to eliminate the square root in the denominator d(¢) in
(4.12), we multiply the numerator and denominator by the denominator’s
conjugate, — (—t4 — %t?’ + %tQ — %t + %) R+2t4—%t3+%t2—%t+%. Calling

the resulting numerator and denominator by 7(t) and d(t), this yields

9 57 5 35 1
ai(t) = <—t6 — 5t5 +21¢* — ?t?’ + th — 5t + 2) V1 — 4+
29 119 5 55 1
(413) g6 4 5 > — 581 + 7#” — ?tQ +6t— o

d(t) = 4t" + 15t5 — 5617 + 451 + 4¢3 — 19¢% + 8t — 1.
The new denominator factors as

d(t) = 47 4+ 15t5 — 56> 4 451 + 463 — 192 + 8t — 1 =

(4.14)
(1—4t)(1—t)* (—t" — 6> + 2t + 2t — 1) .
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The two polynomials in the new numerator 7(t) factor as

9 57 35 1
S S o1t - B T Bt - =
gl T SR *3
13 1
(1—1)? (—t4 — ?t?’ + 9t2 — 4t + 2) ;
(4.15)
29 119 55 1
610 + 2 — 58t  + 23 — 2 6t — = =
3 T 5 Ut 2
3 11 701
1—4t) (1 —t) [ St + =3 — 812+ ~t — = .
(-4 -0 (34 5 -5+ Je- )

From (4.13)-(4.15) and (4.5), we conclude that

GUP (1) — —tt — D3+ 912 — 4t + 3 (1 — 4y
A 632242t — 1
344 11,3 2 7 1
Sty U382+ It — 1

(1—1t)(—t* =683+ 212+ 2t — 1)

(4.16)

The smallest absolute value among the roots of —t* — 63 +2t2 +2t — 1 is

larger than %; thus, and

are analytic

1 1
—t1—6t3+2t24+2t—1 (1—t)(—t1—6t34+2t24+2t—1)
1

in a ball centered at the origin of radius larger than ;. From the transfer
theorem [5, Theorem VL3, p. 390, Example VI.2, p. 395] and (2.26), it
follows that if g(¢) is analytic in a disk, centered at the origin, of radius

larger than %, then

nafl
(4.17) [t"]g(t) (1 — 4t)™ = g(i)llnr(a) <1 +0 <i>> , for o € C — Zq.

Thus, applying (4.17) in the case a = % with ¢(t) = 7t476t3+12t2+2t71
and with ¢(t) = ~——a—5—52—5—, it follows from (4.16) that the
(1—t)(—t*—6t34+2t24+2t—1)

leading order asymptotic contribution to [t”]gUSD (t) comes from the term
_44_ 13,3 2_ 1

_tt4_26tt3:;t2+;tjf (1-— 4t)_%. Since = —%, we con-
clude from (4.17) that
(4.18)

1
256 . n"2 13 1
[tn]gUSD(t) ~ ﬁzln?i/j <4—4 4+ = _4—3 _ 9 _4—2 +4 _4—1 _ > —

m
2564nn*% 11 4nn’%

1
—ti6t3+2t24+2t—1 ’t:i

1217 7256 11 /7'

From (3.3) and (3.2), we have [t"|GU"P(t) = Cpgpn = CnEZV(132)GgSD. As
_3
previously noted, the Catalan numbers satisfy C,, ~ 4"%, Using these
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facts with (4.18), we conclude that

v 3 1
(4.19) EVISHQUD o

Theorem 2 now follows from (4.19), (3.1) and the fact that the leading order
asymptotic behavior of E,?V(132)Bg °D and of Eﬁv(lsz)G,[{ °D coincide. g

5. PROOF OF COROLLARY 1

Recall that the reverse of a permutation o = o7 - - - 0, is the permutation
o™V = o, -+ - 01, and the complement of o is the permutation o™ satisfy-

rev-com denote the permutation

ing o =n+1-o0;, i =1,---,n. Let o
obtained by applying reversal and then complementation to o (or equiva-
lently, vice versa). Since 132"V = 231, 132°°™P = 312 and 132"¢V-<™ = 213,
if follows that the three operations, reversal, complementation and reversal-
complementation, are bijections from S, (132) to S, (7), with 7 = 231 in the
case of reversal, 7 = 312 in the case of complementation and 7 = 213 in the
case of reversal-complementation. From these facts and Theorems 1 and 2,
the corollary follows immediately for 7 € {231,312, 213}.

There is a well-known explicit bijection between S, (132) and S,,(123)
[15, 3]. Recall that an entry j € [n] of a permutation o € S,, is called a left-to-
right minimum if 0; = min{o; : 1 <14 < j}. For a permutation o € S, (132),
let {i; };‘?:1 denote its left-to-right minima. Then necessarily the entries of o
that appear from left to right between o;; and o;,,, (or after o;, up through
the final term in the permutation) are increasing, with each entry being the
smallest number remaining that is larger than its predecessor. (In particular,
the leftmost such entry is the smallest remaining number larger than o;;.)
The bijection between S,,(132) and S,,(123) preserves the set of left-to-right
minima, and then rearranges all of the other entries in descending order
from left to right. Note that the values of the permutation at the left-to-
right minima form a decreasing sequence, and these other rearranged entries
also form a decreasing sequence; thus the permutation obtained is the union
of two decreasing sequences, which is equivalent to its being 123-avoiding.
One can check easily that for the pattern UUD (or UUU D), there is either
no copy or one copy of the pattern between two consecutive left-to-right

minima in the permutation ¢ € 5,(132), and that the same number of
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copies of UDD (or UDDD) appear between those two consecutive left-to-

right minima in the 123-avoiding permutation obtained from o via the above

described bijection. This proves the corollary for 7 = 123. Applying reversal

to 123 proves the corollary for 7 = 321. U
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