TRANSIENCE/RECURRENCE AND GROWTH RATES
FOR DIFFUSION PROCESSES IN TIME-DEPENDENT
REGIONS

ROSS G. PINSKY

ABSTRACT. Let K C R?%, d > 2, be a smooth, bounded domain satisfy-
ing 0 € K, and let f(¢), t > 0, be a smooth, continuous, nondecreasing
function satisfying f(0) > 1. Define D; = f(t)K C R% Consider
a diffusion process corresponding to the generator %A + b(z)V in the
time-dependent region D; with normal reflection at the time-dependent

boundary. Consider also the one-dimensional diffusion process corre-

1.d?

507 T B(z)-L on the time-dependent region

sponding to the generator -

[1, f(¢)] with reflection at the boundary. We give precise conditions for
transience/recurrence of the one-dimensional process in terms of the
growth rates of B(z) and f(t). In the recurrent case, we also investigate
positive recurrence, and in the transient case, we also consider the as-
ymptotic growth rate of the process. Using the one-dimensional results,
we give conditions for transience/recurrence of the multi-dimensional
process in terms of the growth rates of BY(r), B~ (r) and f(t), where

B (r) = max,=, b(z) - Ta7 and B (r) = minjy =, b(z) - 1.

||

1. INTRODUCTION AND STATEMENT OF RESULTS

Let K ¢ R, d > 2, be a bounded domain with C3-boundary satisfying
0 € K, and let f(t), t > 0, be a continuous, nondecreasing C3-function
satisfying f(0) > 1. Define D; = f(t)K C RY. It is known that one can
define a Brownian motion X (¢) with normal reflection at the boundary in

the time-dependent region {(z,t) : # € Dy,t > 0}. More precisely, one has
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for 0 < s < t,

X() = X(s) + W(t) = W(s) + / Loy (X (1)), X (u) )L,

L = /t lop, (X (u))dL,,

where W (+) is a Brownian motion, n(u, x) is the unit inward normal to D,, at
x € 0D, and L, is the local time up to time u of X(+) at the time-dependent
boundary. See [1].

The process X (t) is recurrent if, with probability one, X (t) € K at ar-
bitrarily large times ¢, and is transient if, with probability zero, X (t) € K
at arbitrarily large times t. As with non-degenerate diffusion processes in
unrestricted space, transience is equivalent to lim;_,~, | X (t)| = oo with prob-
ability one. It is simple to see that the definitions are independent of the
starting point and the starting time of the process. In a recent paper [2], it
was shown that for d > 3, if f o f%(t)dt < 00, then the process is transient,
while if [ o %@dt = oo, and an additional technical condition is fulfilled,
then the process is recurrent. The additional technical condition is that
cither K is a ball, or that [;°(f’)?(t)dt < co. In particular, this result in-
dicates that if for sufficiently large ¢, f(t) = ct®, for some ¢ > 0, then the
process is transient if a > é and recurrent if a < é. The paper [2] also stud-
ies the analogous problem for simple, symmetric random walk in growing
domains.

In this paper we study the transience/recurrence dichotomy in the case
that the Brownian motion is replaced by a diffusion process; namely, Brow-
nian motion with a locally bounded drift b(x). That is, the generator of
the process when it is away from the boundary is %A + b(x)V instead of
%A. Using the Cameron-Martin-Girsanov change-of-measure formula, or al-
ternatively in the case of a Lipschitz drift, by a direct construction as in
[1], one can show that the diffusion process in the time-dependent region

can be defined. We will show how the strength of the radial component,
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b(x) - ﬁ, of the drift, and the growth rate of the region—via f(¢)-affect the
transience/recurrence dichotomy.

In fact, we will prove a transience /recurrence dichotomy for a one-dimensional
process. Our result for the multi-dimensional case will follow readily from
the one-dimensional result along with results in [2]. Let f(¢) be as in the first
paragraph. Consider the diffusion process corresponding to the generator
%% + B (m)%, where B is locally bounded, in the time-dependent region
[1, f(t)] with reflection at the endpoint z = 1 (for all times) and at the end-
point f(t) at time ¢t. If B(z) = g, the process is a Bessel process. When this
process is considered on [1,00) with reflection at 1, it is recurrent for k < %
and transient for k > % In particular, it is the radial part of a d-dimensional
Brownian motion when k = %. The result of [2] noted above can presum-
ably be slightly modified to show that for k& > %, the process on the time
dependent region [1, f(¢)] with reflection at the endpoints is transient or
recurrent according to whether [~ Wdt < ooor [¥ F%l(ﬂdt = oo.
In this paper we consider drifts that are on a larger order than % We will

prove the following theorem concerning transience/recurrence.

Theorem 1. Consider the diffusion process corresponding to the generator
%% + B($)% in the time-dependent region 1, f(t)], with reflection at both
the fixed endpoint and the time-dependent one. Let v > —1 and b,c > 0.

i. Assume that

B(x) < bx”, for sufficiently large x,
f(t) < c(log t)ﬁ, for sufficiently large t.
If

2bc! Y 2bc! T
1, or
1+~ I+~
then the process is recurrent.

1
=landy>—=
ana vy = 9

1. Assume that

B(x) > bx", for sufficiently large x,

f(t) > c(log t)ﬁ, for sufficiently large t.
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If
2bct Y
1+

then the process is transient.

14y
2bc -1

Remark. We expect that the process is also recurrent in part (i) if =5 —

and v € (—1,—3).

Using Theorem 1, we will prove the following result for the multi-dimensional

process.

Theorem 2. Consider the diffusion process corresponding to the generator
TA+b(2)V in the time-dependent region D(t) = f(t)K C RY, with reflection
at the boundary, where K and f are as in the first paragraph. Let

BT (r) = maxb(z) - =z B (r) = min b(x) - ’

jol=r |z|” ja|=r ||’

and let
radt(K) = max(|z| : z € 0K), rad ™ (K) = min(|z| : z € 9K).

Let v > —1 and b,c > 0.

1. Assume that

BT (r) < b, for sufficiently large r,

1.1
- f@t) <

g™, for sufficienty lage .
ra

Also assume either that K is a ball or that [;°(f')*(t)dt < oc.
If

2bc! Y 2bcl T
<1, or
L+~ I+~

then the process is recurrent.

=1, d=2and~v >0,

1. Assume that

B~ (r) > br", for sufficiently large r,
(1.2)

ft) > (log t)ﬁ, for sufficiently large t.

rad —(K)



If

2t
1+

then the process is transient.

2ty
I+

Remark 1. We expect that the process is recurrent in part (i) when

1, for all values of v > —1 and d > 2.

Remark 2. If f(t) = C(log t)ﬁ, for all large t, where C' > 0 and v > —1,
then the condition [;*(f’)?(t)dt < oo in part (i) is satisfied.

In the recurrent case, it is natural to consider positive recurrence, which
we define as follows: the one-dimensional process above is positive recurrent
if starting from « > 1, the expected value of the first hitting time of 1 is
finite, while the multi-dimensional process defined above is positive recurrent
if starting from a point = ¢ K, the expected value of the first hitting time
of K is finite. It is simple to see that this definition is independent of the
starting point and the starting time of the process. We have the following

theorem regarding positive recurrence of the one-dimensional process.

Theorem 3. Under the conditions of part (i) of Theorem 1 or Theorem 2,
the process is positive recurrent if

2bc! T
T+~

Remark. The proof of Theorem 3 relies heavily on the estimates in the

proof of part (i) of Theorem 1. We suspect that in the borderline cases,

2bclty

when =5 el 1, the process is never positive recurrent. However, the

estimates in the proof of part (ii) of Theorem 1 don’t go quite far enough to

prove this.

In the transient case, it is natural to consider the asymptotic growth

rate of the process. It is known that the process X (t) corresponding to

the generator %% + bl‘”% on [1,00) with reflection at 1 grows a.s. on

the order 1= if v € (—1,1). (In fact, the solutions Z(¢) to the differential
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Py 1
equation z’ = bz? satisfy limy_, o —~ = (b(1 —~))T=7, and it is not hard

to show that X (¢) satisfies lim; ﬁ = (b(1 — 'y)ﬁ a.s.) The process
t1=7

~

grows a.s. exponentially if v = 1, and explodes a.s. if v > 1 [5]. From this
it is clear that the one-dimensional process X (¢) with B(z) = bx” on the

time-dependent region [1, f(t)] satisfies
X(t) = f(t) for arbitrarily large t a.s.,

and consequently,

X(t
(1.3) lim sup X() =1 as.,

t—o0 f(t)
1
if f(t) =o(tT=7) and v € (—1,1), if f(t) grows sub-exponentially and v = 1,
and with no restrictions on f if v > 1. The next theorem treats the behavior

of liminf; % in what turns out to be the delicate case that B(x) = bz”

1
and f(t) = c(logt)™, with 211%?; > 1. (Recall from Theorem 1 that if

2bclt
14~

< 1, then the process is recurrent and thus liminf; .. X (t) = 1.)
We restrict to v € (—1,1) for technical reasons, but we suspect that the

following result also holds for v > 1.

Theorem 4. Consider the diffusion process corresponding to the generator
%% + B(z) L in the time-dependent region [1, f(t)], with reflection at both
the fixed endpoint and the time-dependent one. Lety € (—1,1) and b,c > 0.
Assume that for sufficiently large x,t,

B(x) = bx”,
F(t) = c(logt) ™7,

where
2bct
147

Then

X 1 1
liminfﬂ:(l A

t—00 f(t)
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We now consider the asymptotic growth behavior in the case that B(z) =
7, v € (—1,1), and that f(¢) is on a larger order than (log t)ﬁ, but on
a smaller order than tﬁ. (Recall from the paragraph preceding Theorem
4 that this latter order is the order on which the process would grow if it
lived on [1,00) rather than on the time-dependent region.) For simplicity
we will assume that f(t) = (logt)!, with [ > ﬁ, or that f(t) = ¢!, with
e (0, ﬁ) (We have dispensed with the coefficients b and ¢ because here

they no longer play a role at the level of asymptotic behavior we investigate.)

Theorem 5. Consider the diffusion process corresponding to the generator
%% + B(z) L in the time-dependent region [1, f(t)], with reflection at both
the fized endpoint and the time-dependent one. Let v € (—1,1). Assume
that

B(z) =a7.

i. Assume that for t > 2,

1
t) = (logt)!, withl > ——.
() = (log)' with 1 > ——
Then
1m&:1a5
t—o0 (t)

1. Assume that

1
f@t) =1, with 1 € (0, ﬁ).

Let
0, if v = 0;
qo =
_l’Ya Zf7 € (_LO)
Then
- X
(1.4) limsupM =0 a.s. for q¢> qo,
t—o0 t4
and
- X(t
(1.5) lim sup ®) ®) =00 a.s., when v € (—1,0].
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In particular (in light of (1.3)),

lim & =1 a.s
t—o00 (t)

Remark. Note in particular that for b(z) = 27 and f(t) = t!, if v € [0, 1),
then the deviation of X (t) from f(t) as t — oo is o(t%), for any g > 0, while
if v € (—1,0), then this deviation is o(t?) for ¢ > —l, but not for ¢ = —I.

In section 2 we prove several auxiliary results which will be needed for
the proofs. The proofs of Theorem 1-5 are given in sections 3-7 respectively.
Throughout the paper, the following notation will be employed:
Let X (t) denote a canonical, continuous real-valued path, and let T, =

inf{t > 0: X(t) = a}. Let

1 &2 d
L@ v &
2 dx? bz dz’

Ly~ =
Let P2 R0 and B2 ReM8 qenote probabilities and expectations for the
diffusion process corresponding to Ly~ on [1, ], starting from = € [1, ],
with reflection at 3 and stopped at 1, and let P2 iRl gpq phe’iRel—a
denote probabilities and expectations for the diffusion process corresponding
to Lpyy on [or, 00), starting from = € [ar, 00), with reflection at a. We note
that this latter diffusion is explosive if v > 1, but we will only be considering
it until time T for some 5 > a. We will sometimes work with a constant

drift, which we will denote by D (instead of bzY with v = 0), in which case

D will replace bx” in all of the above notation.

2. AUXILIARY RESULTS

In this section we prove four propositions. The first three of them are
used explicitly in the proof of Theorem 1, and implicitly in many of the
other theorems, since many of the calculations in the proof of Theorem 1
are used in the proofs of the other theorems. Proposition 4 is used only for

the proof of (1.5) in Theorem 5.



Proposition 1. For a € [1, 3],

(2.1) EbrTReF8 exp(NTL) < 2, for x € [, B] and A < Mo, B),
where
(2.2) Ao, B) = exp ( — (24 2bmax(a”, 87))(8 — a)).

Proof. Of course, it suffices to work with A > 0. Consider the function
(2.3) u(z) =2 —exp(—r(r —a)), a <z <f,
where r > 0. Then

(2.4)
exp(r(z — @) (Lpgr + AN)u = —%7‘2 +rbzY — A+ 2 exp(r(z — a)), x € [a, (]

For A > 0,

1
sup ( — 22 4 rbY — A+ 20 exp(r(z — O‘))) <
z€[a, ) 2

_ %7”2 +1rb maX(Oﬂa 57) —A+2X exp(r(ﬁ N a)).

Thus, we have (Lp,» + A)u < 0 on [, f] if

r(f — bmax(oﬂ,ﬂ“f))
0SS o) 1

Choosing
r =2+ 2bmax(a’,37),

it follows that the right hand side of the above inequality is greater than
5\(@, B). We have thus shown that there exists a positive function u on [, 3]
satisfying (Lp~ + S\(a,ﬁ))u < 0 in [, 8] and ¥/(B8) > 0. By the critical-
ity theory of second order elliptic operators [6, chapter 4], [4], it follows
that the principal eigenvalue for — Lp,+ on (a, ) with the Dirichlet bound-
ary condition at « and the Neumann boundary condition at [ is larger
than 5\(04, B). By the Feynman-Kac formula, when A is less than the afore-
mentioned principal eigenvalue, the function uy(z) = E2° R exp(AT,)

satisfies the boundary-value problem (Lpyv + A)u = 0 in («, §), u(a) =1
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and u/'(8) = 0. Since A is smaller than the principal eigenvalue, it follows
from the generalized maximum principal [6, chapter 3], [4] that uy < u, if
u satisfies (L + Nu < 0 in [a, 8], u(a) > 1 and «/(8) > 0. The calcula-
tion above showed that u as defined in (2.3), with r = 2 4+ 2bmax(a”, 87),

satisfies these requirements; thus in particular, (2.1) holds. O

Proposition 2. For1 <z < 3,

(2.5) 2
D;Ref—: D _exp(D(B—-1))
B el 1) = TG

Proof. The function

(o) — (DG 1)
1+D(3—1)

solves the boundary value problem (Lp + %2)u =01in (1,8) with «/(1) =0

(1 + D(zx — 1)) exp (— D(z — 1)).

(1 + D(z — 1)) exp (— D(z — 1))

and u(8) = 1. Since u > 0, it follows again from the criticality theory
of elliptic operators that the principal eigenvalue of —Lp on (1, 8) with the
Neumann boundary condition at 1 and the Dirichlet boundary condition at 8
is greater than %2. Thus, B exp(%Tﬂ) < oo and by the Feynman-
Kac formula, this function of x € [1, 3] solves the above boundary value

problem, and consequently coincides with w. O

Proposition 3. For A >0 and 1 < a < 3,

Eg;REﬂ_:ﬁ exp(—ATy) =

9v/DZ + 2) e~ 2D(5—0)
(=D 4 VD% 4 2X) e(=D+VD>+2X)(8=0) 4 (D + /D2 + 2X) e(-D—VDZ+2X)(B-a)

Proof. By the Feynman-Kac formula, EZRe exp(—AT,), for z € [«, 3],

solves the boundary value problem (Lp — A\)u = 0 in (a, ), with u(a) =1
and u/(3) = 0. The solution of this linear equation is given by
Tle_rl(ﬁ_a)eTQ(x_a) _|_ 7‘267,2(6_‘1)6_711(1‘_&)

’U,(x) = TQerz(ﬁ—a) + Tle—T‘1(ﬁ—o¢) )

where 71 = D + v D? + 2\ and r9 = —D + v/ D2 + 2)\. Substituting z = 3
completes the proof. O
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Proposition 4.

(2.6) Ebr R oxp (A1) < 2, for x € [a, B] and X < ),

bmin(a”,87)

Whel“e )\ = m

Proof. The proof is similar to that of Proposition 1. By the Feynman-Kac
formula, when A is less than the principal eigenvalue for the operator Ly~
on (a,f) with the Neumann boundary condition at « and the Dirichlet

(z) = ES" R exp(A73) solves

boundary condition at 3, the function wu)
the equation (Lpzy + A)u = 0 in («, 8), v/() = 0 and u(B) = 1. Also, if
u > 0 satisfies (Lpzr + N)u < 0 in (o, 8), v/(a) < 0 and u(B) > 1, then A
is smaller than the principal eigenvalue and u) < u. We look for such a
function w in the form u(z) = 2 —exp ( — (8 — z)), where r > 0. Note then

that u(8) =1, v/(a) <0 and 1 < u < 2 on [«, ]. We have
exp (r(8 — @) (Lper + N)u = (—%7"2 —bz"r — A) 4+ 2Xexp (r(8 — z)).

It follows readily that if

%7“2 + br min(a?, 57)

27 = 2exp(r(F—a) 1

then (Lpr + N)u < 0 on [«, 5]. With the choice r = 6—% in (2.7), it is clear
that A in the statement of the proposition is smaller than the right hand

side of (2.7). Thus, uy(z) < u(x) <2, for A < A, O

3. PROOF OF THEOREM 1

We will denote probabilities for the process staring from 1 at time 0 by P;.
Let Fi = 0(X(s),0 < s < t) denote the standard filtration on real-valued
continuous paths X (¢). By standard comparison results and the fact that

the transience/recurrence dichotomy is not affected by a bounded change in
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the drift over a compact set, we may assume that
(3.1)

2, 0, 2\14~ :
B(z) =bz", forallz > 1,  f(t)= t € [0,exp ((3)'7)]

c(logt) ™7, t > exp ((2)1+7).

. 1
Proof of (i). Let jo = [(2)'*7] 4+ 1. Let t; = e/. Then f(t;) = ¢j™, for
J > jo- For j > jo, let A; 1 denote the event that the process hits 1 at some
time ¢ € [tj,t;11]. The conditional version of the Borel-Cantelli lemma [3]

shows that if

[e o]
(3.2) > Pi(Aj4]F,) = o, as.,
J=Jo
then Pj(A4; i.0.) = 1, and thus the process is recurrent. Thus, to show

recurrence, it suffices to show (3.2).
Since up to time ¢;, the largest the process can be is f(¢;), and since up
to time ¢;41 the time-dependent region is contained in [1, f(¢;41)], it follows

by comparison that

(3-3) Pi(Aj|Fy) > PU R )

f(tj) (Tl S tj+1 — tj) a.sS.

We estimate the right hand side of (3.3). Let O'((]j) =0, k) = inf{t > a(j)l :

X(t) = f(tjp1)} and o) = inf{t > &9 X(6) = f(t;)}. 5 > jo, i =1,2,....
For any [; € N,

(11 <o} = {0 >t — 5} C {11 <ty — 15},

Also, it follows by the strong Markov property that

PJZZ?;;)Refo(th)(Tl < Jl(j)) =1- (PJIZL(EtZ';)Refo(tHl)(Tf(tj+1) < Tl))lj'
Thus
(3.4)
PRI (0, < ) ) 3 1 (B
PJIZZ;:;)Refe:f(th)(Ul(j) >t —t).
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From (3.2)-(3.4), we will obtain P;(A; i.0.) = 1, and thus recurrence, if we
can select {/;}22; such that

(3.5) i (1= (P Ty, < T)Y) = o0,
J=Jjo
and
(3.6) Z Py B 0l s — 1) < oo
J=Jjo
Let

00 t e8] 2bt1+7
3.7 o(x) :/ exp(—/ 2bs"ds)dt :/ exp(— T )dt, x> 1.
T v

0 x

Since L¢ = 0, it follows by standard probabilistic potential theory [6, chapter

5] that
(3.8)
o Re () )=o) . ef(t) — o(f(ts1))
Fre,) Trer <) = S0y (e~ o) o))

Applying L’Ho6pital’s rule shows that

i P At 1

PR e ) B
thus,
1 2bz1 7
(3.9) d(z) ~ Q—bx—V exp(— 12_ S ), as & — 0.

Using the fact that (1 —¢)! <exp(—lt) <1—1It+3(1t)> <1—3it,if ,t >0
and [t < 1, along with (3.8), we have

1— (PJIZZSZ;)Ref&:f(tj+1)(T Ftan) < TI)) (f( )) (f(tj-l-l))

(3.10) ’ o(1) = ¢(f(tj41))
for sufficiently large j, if lim l;¢(f(t;)) = 0.
j—o0

[\3\*—‘

Using (3.9) along with the facts that f(z) = c(loga:)ﬁ and t; = €7, it
follows that there exists a Ko € (0,1) such that ¢(f(tj+1)) < Kop(f(t;)) for
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all large j. Thus,

P(f(t5)) — o(f (tj+1))
3.11) 1) = o(f(tj+1))

for sufficiently large j,

2bct Y

> Ki(f(t;)) > K357 exp(— 1)

for constants Ki, Ko > 0. From (3.10) and (3.11), it follows that (3.5) will
hold if we define /; € N by

1 2bcttT

(312 b= [ ep(T ),

J7 log j T
since then the general term, 1 — (P;Z;;Ref{_:f(t”l)(Tf(tj+1) < Tl))lj, in (3.5)
will be on the order at least ,11 -

jlogj

. . . :
With [; chosen as above, we now analyze P;Z;j’)Reﬂ_'f(tﬁl)(al(j) >tj1—tj)

and show that (3.6) holds. By the strong Markov property, ol(j ) = Zi]:1 Xi+
Zi]: 1 Yi, where {X;}£2, is an IID sequence distributed according to Ty,

j+1)

under P;ZZC;;)ReH:l, {Yi}2, is an TID sequence distributed according to Ty,
J

under P;f;ﬁe)fﬁf (tj“), and the two IID sequences are independent of one
another. By Markov’s inequality,
(3.13)
P50 (10 1) < ol oA ESE P00 g3 0)
exp(—At) (g, 1 exp(W Ty, )" (B o~ exp(WTy,) ",

for any A > 0.
By Proposition 1,

bx7;Ref+: i N
(314)  Eg 0T T+ exp(AT ) < 2, for A < A(F (1), f(tj41)),

~ 1
where A(-,-) is as in (2.2). Using the fact that f(¢;) = ¢ji+7, it is easy to
check that there exists a 5\0 > 0 such that

(3.15) A(f(t), f(tj1)) = Ao, for all j > jo.

By comparison,

bz ;Ref—-: D;;Ref—:1
(3.16) Ef(tj) Hlexp()\Tf(tHl))SEféj) - exp(ATy(t,, 1))
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if
D; < min  bx”.
z€[L,f(tj41)]
< 2 .
If v > 0, choose D; = min(b,V/2Xg), for all j > jo; thus, % < Ag. If

€ (—1,0), choose D; = b(f(tj+1))” = bc(j + 1)ﬁ With these choices of
Dj, we have for all v > —1,

D?
(3.17) 7J < Ao, for sufficiently large j.

It is easy to check that if one substitutes D = D;, z = f(t;) = c(logj)ﬁ
and 8 = f(tj+1) = c(log(j + 1))ﬁ in the expression on the right hand side
of (2.5) in Proposition 2, the resulting expression is bounded in j. Letting

M > 1 be an upper bound, it follows that

2
Dj;Ref—:1 D

(3.18) Ef(t]-) exp(%Tf(th)) =M.

. . . D?
Noting that tj11 —t; = e/T' — e/ > ¢/, and choosing A = - in (3.13), it

2
follows from (3.13)-(3.18) that

(3.19)
: (L A D?

P})ZC;’)Refhf(t]H)(al(;) > tip1—t;) < eXp(—%eJ)(QM)lj, for sufficiently large j.
J

Recalling [; from (3.12), we conclude from (3.19) that

(3.20)
. CE(t . D? — N R
Py T 0 > 40— 1)) < exp(- L) (2my T 08D texp(HET0)

D? 1 2bc1tY .
exp(—%e]) exp (j i+ (logj) te 1 ’log 2M>, for sufficiently large j.
Recalling that D; is equal to a positive constant, if v > 0, and that D; is
on the order jﬁ, if v < 0, it follows that the right hand side of (3.20) is
summable in j if 2lﬁ? <1, orif zlﬁ:ﬂ =1and v > —1. Thus (3.6) holds
for this range of b, ¢ and . This completes the proof of (i).

Proof of (ii). Let ji = [exp ((2)'*7)] + 1. Then f(j) = c(logj)ﬁ, for
Jj = j1. For j > ji, let B; be the event that the process hits 1 sometime
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between the first time it hits f(j) and the first time it hits f(j +1): B; =
{X(t) =1 for some t € (Ty(;), Tf(j+1))}- If we show that

(3.21) > Pi(B;) < 0,
J=n

then by the Borel-Cantelli lemma it will follow that P;(B; i.0.) = 0, and
consequently the process is transient.

To prove (3.21), we need to use different methods depending on whether
v <0 or v > 0. We begin with the case v < 0. To consider whether or not
the event B; occurs, we first wait until time Ty(;. Of course, necessarily,
Tty = J, since f(j) is not accessible to the process before time j. Since
we may have Ty;y < j+ 1, the point f(j + 1) may not be accessible to the
process at time T(;), however, if we wait one unit of time, then after that,
the point f(j + 1) certainly will be accessible, since Ty +1 > j + 1. Let
M; < f(j) — 1. Now if in that one unit of time, the process never got to
the level f(j) — M;, then by comparison, the probability of B; occurring is
no more than P})g)f{]efz_:f (1) (T1 < Ty(j41)) (because after this one unit of
time the process will be at a position greater than or equal to f(j) — M;).

By comparison with the process that is reflected at the fixed point f(j), the
probability that the process got to the level f(j) — M; in that one unit of

time is bounded from above by Pﬁg);Refo G )(Tf(j)_ Mm; < 1). From these
considerations, we conclude that
(3.22)
b ;Ref+:f(j+1) bz ;Ref«: f(5)
Pu(B)) < PpiyCa, (T < Tyj1) + Py (Ty()-ar; < 1)-

Similar to (3.8), we have

BLFG) = My) = B(f( + 1))

b ;Ref<—: f(j+1) .
(323 P T <Ti6e) = A oG 1)

f()—M;
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For € € (0, 1) to be chosen later sufficiently small, choose M; = €f(j). Recall
that f(j) = c(logj)ﬁ. Then from (3.9) we have

$(f(j) = M;) = (c(1 — €)(log j) ™7 ) ~

1 Ll 2b(c(1 — €))7 log j
(3.24) o7 (1 = €)(log j)T+7) " exp ( — el 1J2)7 =
1 1. 2b(c(l—ent T
57 (el =) (tog )T7) 7§
Since by assumption, 223{7 > 1, we can select € € (0, 1) such that W
1. With such a choice of ¢, it follows from (3.23) and (3.24) that
o0
bat Refe: f(j+1)
(3.25) Z Piiy s TV < Tyy) < oo
J=i
We now estimate P;(w;);Refo(j)(Tf(j)_Mj < 1), where M; = €f(j), with €
as above. By comparison, we have
bz ;Ref<: f(4) D;;Ref+,f(5)
(3:26) Py (Ty(gy-ag; < 1) < Ppiiy (Ty(gy-ar; = 1),

where D is equal to the minimum of the original drift on the interval [f(j)—
D; = bc”(logj)ﬁ.

By Markov’s inequality, we have for A > 0,

(3.27)
D;;Ref—,f(j) Dj;Ref+,f( )

Using Proposition 3 with a = f(j) — M;, 8 = f(j) and D = D;, we have
(3.28)

Dj;Ref+:f(j) .
By exp(=ATy()a,) =

2,/ D3 + 21 e 2PiM;

_D. 2 . _p._ 2 .
(—D; + DJ2-+2)\)e( Dj+,/D242X) M 4 (D; + Dj2+2)\)e( Dj—/D2+2X)M;

If v <0, then limj o D; = 0 and M; — oo, and it follows from (3.28)
that

Dj;Ref«:f(j)

(3.29) Bl

exp(—ATy()-n;) < K exp(—V2A M),
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for some K > 0. If v = 0, then D; = b, for all j, and we have from (3.28),
(3.30)

Dj;Ref+:f(j) 2\/b2—|——2)‘

as j — oo.

Since M; = ec(logj)ﬁ, it follows from (3.29) and (3.30) that

(3.31) Z ED]’RefF U exp(—/\Tf(j)_Mj) < 00,
J=

for all choices of A > 0 in the case v < 0, and for sufficiently large A in the
case v = 0. Thus, we conclude from (3.31) and (3.27) that

;Ref
(3.32) Z Pt IOy )y <1) < o0

J=i

Now (3.21) follows from (3.22), (3.25) and (3.32).

We now turn to the case that v > 0. Let (j41 = inf{t > j+1: X(t) >
f(4)}. Since the process cannot reach f(j + 1) before time j + 1, it follows
that T(j) < (ir1 < Ty(jg1)- Let O = {X(t) = 1 for some t € (T(;),j+1)}
and let G; = {X(t) = 1 for some t € ((j1+1,Ty(j4+1))}- Then B; = C; U Gy;
thus,

(3.33) Pi(B;) < Pi(Cy) + Pi(G)).

Since the right hand endpoint of the region is larger than or equal to

f(tj+1) at all times ¢ > (j41, it follows by comparison that P(G;) <

bz ;Ref<: f(j+1)
s

L BUG) — UG+ 1))
(3:34) PG < = =G+ )

As in (3.24), but with € = 0, we have

(Th < T¥(j41))- Thus, similar to (3.8) we have

(3.35) B(F()) ~ o (c(log) 7).
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From (3.34), (3.35) and the fact that 2%:7 > 1, it follows that
[e.e]
(3.36) > Pi(G)) < .
J=n

For any s;, we have the estimate

bx¥;Ref+—: f(j b;Ref—:1
(337)  Pi(Cy) < Py IO < sy 1)+ PPRTN (T ) > 8).
Here is the explanation for the above estimate. To check whether or not the

event Cj occurs, one waits until time 7' ;), at which time the process has first

7)
reached f(j). Of course Ty(;) > j. If in fact, Ty(;y > j+1, then (541 = Ty )
and C; does not occur. Otherwise, one watches the process between time
Ty(jy and time j + 1. If the process hit 1 in this time interval, whose length
is no more than 1, then C; occurs. (Note that during this interval of time,
the right hand boundary for reflection is always at least f(j).) Otherwise,
C; has not yet occurred, but one continues to watch the process after time
J + 1 until the first time the process is again greater than or equal to f(j).
If the process reaches 1 in this interval, then C; occurs, while if not, then
we conclude that C; did not occur. (Note that if X(j + 1) > f(j), then the
length of this final time interval is 0.) The random variable denoting the
length of this final time interval is stochastically dominated by the random
variable T'y(;) under Plb Ref=:1 " gince the actually drift is always larger than
or equal to b everywhere, and the actual starting point of the process at
the beginning of this final time interval is certainly greater than or equal to
1. In the estimate (3.37), one should think of s; as a possible value for the
length of this final time interval.

We first estimate Plb;Ref_}:1 (Tf(j) > s;), the second term on the right hand
side of (3.37). By Markov’s inequality, for any A > 0,

(3.38) PR (T > 57) < exp(—As) BV exp(ATy ;).
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Applying Proposition 2 with D =b, x = 1 and 8 = f(j) = c(logj)ﬁ, we

have
1
‘ . 2 exp (b(c(logj)m — 1))
(3.39) EYRetl eXp(bfo(j)) = . .
2 1+ b(c(logy) ™ —1)
Letting
4
(3.40) s; = — log j,

b2
it follows from (3.38) with A\ = %, (3.39) and the fact that v > 0 that

o0
(3.41) > PPRTN Ty ) > 55) < oo
J=n
We now estimate P;g);Reﬂ_:ﬂj) (T < sj + 1), the first term on the right

hand side of (3.37), where s; has now been defined in (3.40). Note that by
the strong Markov property, T1 = Tjy,) + ZEJ;(;j)} (T; — T;—1), where {T; —
Ti_l}gi(;j I and Tiy(t;y are independent random variables under P;@?Refﬁf U ),
and T; — T,_1 is distributed as T;_; under Pibww;Refo(j). Let {Xi}gig)] be
independent random variables with X; distributed as T} under P2D “Ref{_ﬂ,

where
(3.42) D; =b(i—1)".

We will use the generic P and FE for calculating probabilities and expecta-

tions for the X;. Note that D; is the minimum of the original drift on the
interval [i—1,4]. Also note that when one considers 7;_; under Pibﬁ;Reﬂ_:f U ),
the process gets reflected at f(j), which is to the right of the starting point

, the process gets reflected

. . . D;;Ref+:2
t, while when one considers 77 under P, iRefe

at its starting point. Thus, by comparison, it follows that the distribu-
ba";Ref<:f(5)

tion of T; — T;_1 under P, dominates the distribution of X;, and
consequently, the distribution of 77 under P]lzg);Ref(_:f ) Jominates the dis-

tribution of ZEJ;%)] X;. Thus, we have

[FG)]

(3.43) PRI <554 1) < P(YD X <55+ 1).
=2
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By Markov’s inequality, we have for any A > 0,

[£G)] [£5)]
P()  Xi<s;j+1) <exp(A(s; + 1))Eexp(—A Y X;) =
=2 1=2
3.44
(3.44) [£G)]
exp(A(sj +1)) H EQD";Reﬂ_:2 exp(—AT1).
=2

Applying Proposition 3 with « =1, 8 =2 and D = D;, we have

(3.45)
EQ[)Z';Ref(f:Q eXp(—)\Tl) —

2@6*2&
(=i /D2 +20) el PHVITR) 1 (D, [D2 420 P VIETE)

For fixed A > 0, —D; + /D? + 2\ ~ 3-, as D; — co. Thus, (3.45) yields

Refe: 2D?
(3.46) EZD“RefF'2 exp(—AT) ~ TZ exp(—2D;), as D; — oo.

From (3.42) and (3.46), it follows that there exists a Ky > 0 such that

[f(5)] )
II_ED“Rde2eXp AT < II

exp —2D;) =
(347) [;< i] 1 -
J= 22y
H Mexp(—%i'y).
, A
=1
We have
[f()]-1 ‘ relons o
@a3) [ <G = (cllogg)mr) 0
i=1
Also, for some C, > 0,
[f(.])]_l A\ 1+ 1+ .
‘ (fG) ™ . ¢ Vlogj v
Z iV > = Cy(f(4) = ———= — Cyc"(log j) 75
i—1 L+ 1+~
thus,
[f()]-1 . i
(3.49) H exp(—2bi7) < exp (2b0767(10gj)m) joE .

i=1
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Then from (3.43), (3.44), and (3.47)-(3.49), we have

(3.50)
P;;(c]j);Refe:f(])(Tl <s;+1) <exp(A(s; +1))x

2K b2 - c(log j T Y &
(1v TOb)C(logJ)m (C(logj)ﬁ)z’y (oe )™ oxp (2b0767(10gj)117) o

ax
From (3.40), s; = l;%logj; so exp(A(s; + 1)) = e}j»?>. By assumption,

2bcl Y -1
1+ ’

2bcltY
14

and recalling that v > 0, it follows from (3.50) that

> 1. Thus, choosing A > 0 sufficiently small so that l;%)\—

o0
(3.51) S P TETO(n <554 1) < o0,
J=i
(To see this easily, it is useful to convert the long expression on the right

hand side of (3.50) to exponential form, similar to what was done in the

equality in (3.20).) From (3.37), (3.41) and (3.51) we conclude that

oo
(3.52) Z Pl(Cj) < 00.
J=n
Now (3.33), (3.36) and (3.52) give (3.21) and complete the proof of the

theorem. 0

4. PROOF OF THEOREM 2

First we prove Theorem 2 in the case that I is a ball. The part of the

operator A +b-V involving radial derivatives is %dd% + (L +b(x) - ﬁ)%.
Of course, in general, b(z) - é—‘ depends not only on the radial compo-

nent r = |x| of x, but also on the spherical component I%\ Let Bt (r) =

max|,|—, b(z) - a7 and B~(r) = minj,—, b(z) - fa1- Then by comparison,

x

if the multi-dimensional process with radial drift B*(|z]) - i

is recurrent,
so is the one with drift b(z), and if the multi-dimensional process with ra-
dial drift B=(|z|) - \%l is transient, so is the one with drift b(z). In the
case of a radial drift B(|z|) - ﬁ, with IC a ball, so that D; = f(t)K is
a ball, the question of transience/recurrence is equivalent to the question

of transience/recurrence considered in Theorem 1 with drift B(x) + %
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and with Dy = (1,rad(K) f(t)), where rad(K) is the radius of K. Thus, if
B(r) = B™(r) and f(t) satisfy the inequalities (1.1) in part (i) of Theorem

s 20ty
2 with Ty
B(r) = B~ (r) and f(t) satisfy the inequalities (1.2) in part (ii) of Theorem 2

< 1, then the multi-dimensional process is recurrent, while if

with 22‘3:7 > 1, then the multi-dimensional process is transient. (Of course,

since K is a ball, rad® (K) appearing in Theorem 1 are equal to rad(K).)
Now consider the case that B(r) = B*(r) and f(t) satisfy the inequalities

(1.1) in part (i) of Theorem 2 with 211%:7 = 1. To show recurrence, we need

to show recurrence for the one dimensional case when B(z) = bzY + dQ;xl,

for large x, and f(t) = c(log t)ﬁ, for large t, with Qﬁi? = 1. Thus, the

function ¢ appearing in (3.7) must be replaced by

oo t _ 1 o0 1+7
o(z) = /z exp(—/1 (2bs” + dT)ds) = C/x 1= exp(—zlbi_fy )dt.

(Here C' is the appropriate constant. In (3.7) we integrated over s starting
from O for convenience in order to prevent such a constant from entering,

however in the present case we can’t do this because of the term In

@.)
place of (3.9), we will now have

2bx ity
144

C
d(w) ~ T exp(

This causes the term j_ﬁ on the right hand side of (3.11) to be re-

+d—1
placed by j_vlﬂ , which in turn causes [; in (3.12) to be changed to
d—2

B 14y
o T1J 2bc
ZJ—[logj exp(Si

D2 . d—2 2bc 7Y
of (3.20) to be changed to exp(—--e’)exp (jlﬂ (logj)~te v 7 log 2M).

j)]. Finally, this causes the term on the right hand side

Recalling that D; is equal to a positive constant, if v > 0, and D; is on

the order jﬁ, if v < 0, we conclude that if 211?:7 = 1, then the above

expression is summable in j if d = 2 and v > 0. This proves recurrence

1+
when 223_77 =1, d=2and v >0.

We now extend from the radial case to the case of general K. In [2], the
proof of a condition for transience was first given for the radial case. The

extension to the case of general I, which appears as step III in the proof
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of Theorem 1.15 in that paper, followed by Lemma 2.1 in that paper. This
lemma implies that if one considers two such processes, one corresponding to
K1 and one corresponding to Ka, where K; is a ball and ICy D K, then the
process corresponding to Ks is transient if the one corresponding to K is
transient. Lemma 2.1 goes through just as well when the Brownian motion
is replaced by our Brownian motion with drift. This extends our proof of
transience to the case of general K.

In [2], the proof of the condition for recurrence also was first given in
the radial case. The extension to the general case, which is more involved
than in the case of transience, and which requires the additional condition
fooo(f’)2(t)dt < 00, appears in step V in the proof of Theorem 1.15 in that
paper. The analysis in that step also go through when Brownian motion
is replaced by our Brownian motion with drift. This extends the proof of
recurrence to the case of general .

O

5. PROOF OF THEOREM 3

We will prove the theorem for the one-dimensional case. The proof for
the multi-dimensional case follows from the proof of the one-dimensional
case, similar to the way the proof of Theorem 2 follows from the proof of
Theorem 1. Let P, and FE> denote probabilities and expectations for the
process starting from x = 2 at time 0.

Let ¢; = ¢’ as in the proof of part (i) of Theorem 1. We have

0o 0o
(51) E>T) <t + th+1PQ(T1 > tj) =e+ Zej'HPQ(Tl > tj).
j=1 j=1

Recall the definition of jo and of A;;; from the beginning of the proof of
part (i) of Theorem 1. From (3.3) we have for j > jo + 1,
(5.2)

-1
) — ;Ref«—: f
Py(T1 > t5) < Po(miZ; A%) < [ (1 - P%:;Re (T <ty - ti))-

1=J0
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If we show that

(53) lim Pba:'Y;Ref<—:f(tj+1)

S Pry) (T <t —t) =1,

then it will certainly follow from (5.1) and (5.2) that E9Ty < oo, proving

positive recurrence. In order to prove (5.3), it suffices from (3.4) to prove

that for some choice of positive integers {l;}32

. b ;Ref—: f(t;+1) lj
(5-4) ylgrolo (Pf(tj) a (Tf(tj+1) < Tl)) =0
and

. bx;Ref«—: f(t; j
(5.5) Jlggo szftj) ef— (a+1)(al(j) >t —t;) = 0.

From (3.8), (3.11) and the fact that limyﬁoo(l—%)yg(y) =0, iflimy 00 g(y) =
00, it follows that (5.4) holds if we choose

v 2t
5.6 l; =77 (log 7) ex ).
(5.6) ;=177 (log j) p(1+71)]
With this choice of [;, we have from (3.19),
(5.7)
b iRefe—: f(tj41) () 7 o
Pf(tj) (alj > tip1—tj) < exp(—7e ) exp (] 47 (logj)e 1+ 7 log 2M),

where, as noted after (3.20), D; is equal to a postive constant if v > 0, and

Dj is on the order jﬁ, if v € (—=1,0). Thus, (5.5) follows from (5.7) if

2bclt
14~ 1 -

6. PROOF OF THEOREM 4

As in the proof of Theorem 1, we can assume that b and f satisfy (3.1).
We will first show that

l—i-’y)ﬁ

e X ()
(6.1) liminf —= < p a.s., for any p > (1 — Shel Ty

&0
The proof of (6.1) is just a small variant of the proof of recurrence in Theo-
rem 1; that is, part (i) of Theorem 1. As in that proof, let ¢; = ¢’. Recalling
the definition of jy appearing at the very beginning of the proof of part (i)
of Theorem 1, it follows from (3.1) that f(¢;) = cjﬁ, for j7 > jo. In that
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proof, for j > jo, Aj11 was defined as the event that the process hits 1 at
some time t € [tj,t;11]. For the present proof, we define instead, for each

€ (0,1), the event A§Q1 that the process X (t) satisfies X (t) < pf(t;) for
some t € [t;,tj41]. We mimic the proof of Theorem 1-i up through (3.9),
using A(p)
time T),(;,), and replacing ¢(1) by ¢(pf(t;)). Instead of (3.10), we obtain

(6.2)

/1 in place of Aj 1, replacing the stopping time 7} by the stopping

. bx";Refe—:f(tj41) l] ¢(f(t )) - ¢(f(t '+1))
1= (i Tstsen < o))" 2 35001, = o0 t322))
for sufficiently large j, if hm l] 5 ((p f(( ))))
Instead of (3.11), we have
(6.3) X
P(f(t;)) — &(f(tj+1)) o(f(t5)) o (20T
Sl ) = o) = “Holprtey) = F2 P Ty (o)

for sufficiently large 7,

for constants K, Ko > 0. From (6.2) and (6.3), it follows that (3.5) with T}
replaced by T,z (;;) will hold if we define I; € N by

1 2bc! T
6.4 lj = 1—p't7);
(6.4) 5= g7 &P (T (=27 I)),
. bxY;Ref+:f(t; l; .
since then the general term, 1 — (Pf:(]ctj) et S J+1)(Tf(tj+1) < Tpf(tj))) 7 will

be on the order at least 7 log]

We now continue to mimic the proof of Theorem 1-i, starting from the
paragraph after (3.12) and up through (3.19). We then insert the present [;
from (6.4) in (3.19) to obtain
(6.5)

2

. . ) . D Aty .
PJZ‘)ZC;SRefo(tM)(Ul(j) > b1 — 1) < exp(——~ ¢7) (20 7Tog5 P (2 a=p'+4) _

D2 . 1 2bcl Y ;
exp(—?Jej) exp ( ¢ i (=P log 2M>, for sufficiently large j.

jlogj
Recalling that D; is equal to a positive constant, if v > 0, and that D; is
on the order jﬁ, if v < 0, it follows that the right hand side of (6.5) is
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summable in j if %(1 —p'*7) < 1, or equivalently, if p > (1— %ICJFTWV) =23
Analogous to the proof of Theorem 1, we conclude then that Py (AS-’O ) io)=1
for p as above. From the definition of Ag»p ) and the fact that f is increasing,
we conclude that (6.1) holds.

To complete the proof of Theorem 4, we will prove that

Lty
2bclt

X
> _
(6.6) hgg)lf ) 2 p as., for any p < (1

For this direction, we will need some new ingredients. Recalling again the
definition of jy appearing at the very beginning of the proof of part (i) of
Theorem 1, it follows from (3.1) that f(t) = c¢(log t)ﬁ for t > e/0. Let
7 = inf{t > e : X(t) = f(¢)}, and for j > 2, let 7; = inf{t > ;-1 +1:
X(t) = f(t)}. By the remarks in the paragraph preceding Theorem 4, it

follows that 7; < oo a.s. [Py], for all j. By construction, we have
(6.7) 7; > j, for all j > 1.
Let € € (0,1) and let p € (0,1). Define s = s(t) by
(6.8) p(1=2€)f(s) = p(1 =€) f(t), for t > .
Since f(t) = c¢(log t)ﬁ, we have

)1+’Y

(6.9) s(t) = (172

Of course, f(s(t)) = £=£f(t). For j > jo, define B; to be the event that
the following three inequalities hold:

LX(t)>2A—ef(r) j<t<7+1

i X(t) 2 p(1 =€) f(r)), 7 +1 <t <7y

iii. 7541 < (7).

(We have suppressed the dependence of B; on € and p.) It follows from

(6.8) that on the event B; one has X (t) > (1—2¢)pf(t), for all t € |15, Tj41].
Thus, for any N, on the event N2y B;, one has liminf; % > (1—2¢)p.
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We will complete the proof of (6.6) by showing that

(610) lim Pl(ﬂ]QiMBj) =1,

M—o0

1
for all p < (1 — 2;:;17)@ and all sufficiently small e (depending on p).

We write

(6.11) PN Bj) H Py(Bj|NZ,, By),

where ﬁf‘i X/}Bi denotes the entire probability space. Let
Ci={X(t) = (1-ef(r), ; <t<7+1}.

(Note that C; depends on the random variable 7;.) Let P(blﬁe) £r) de-
note probabilities for the diffusion process corresponding to L,y without
reflection, starting from (1 — ¢€)f(7;). Noting that if 7j41 < s(7;), then
X(7j+1) = f(1j41) < f(s(75)), it follows by the strong Markov property and
comparison that
(6.12)

Pi(Bj| ﬂg;]b Bi, 1) >

bz c

PaZe 16 o016 > Tisrys Tits(ryy) < 8(75) = 75 = 1) = P(Cfl75)-
Also,
(6.13)

ba
PaZe 1 Tpa-a 1) > Trtstry)ys Thistryy) < 8(15) =75 = 1) =

bx”
PaZo s Toa-o5y) > Trstr) Tristr) N pa—opiry) < 8(75) =75 — 1) 2

bx
PAo s Toa-a ) > Tristryn) =

bxY
Py 1) Tpsir) N Tp1-e f(ry) 2 8(75) = 75 = 1)

In order to get a lower bound on P; (B;| ﬂ]-‘:}v[Bi, 7j), we will bound P (C§|7;)
and P(b“"j Vi .)(Tf(s(rj)) NTp1—e)f(ry) 2 5(7']) — 7; — 1) from above, and we
will calculate the asymptotic behavior of P, (1 6) (r; )( p(1—e)f(r;) > Tf(s(rj)))'

We start with Py (C¢|7;). Let PBM denote probabilities for a standard

Brownian motion starting from 0, and let 7, = min(7,,T_,), for z > 0. By
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the strong Markov property and comparison we clearly have
(6.14) Pi(C§l7j) < PeM(Top(rpy < 1)

From [6, Theorem 2.2.2], we have PEM(T, < t) < 2€xp(—”§—j). Thus from
(6.14) we obtain

2

1 2
(6.15) Pl(CﬂTj) < 2exp ( — 56202(log Tj) 1+v).

We now turn to P(blxje)f(Tj)(Tf(S(Tj)) NTy1-e)f(r;) = $(1;) — 7 —1). De-

note by Y (t) the diffusion corresponding to the operator %% + bx”%

and the measure P(bfje) £y and denote by W(t) standard Brownian mo-

tion on (p(1 — €)f(7j),00) with reflection at the endpoint. Denote prob-
abilities for this Brownian motion starting from z by PgRefﬁ:p(lfe)f(Tj ),
(The superscript 0 signifies 0 drift.) Since the drift of the Y diffusion
is positive, we can couple Y (¢) and W(t) so that W(t) < Y (t), for all
t € 0. D05ty M Trisrypl where Tpa-gf(r;) and Ty(s(r,y) refer to the
hitting times for the Y process. (Note that we have been using the generic

T, for the hitting time of a for any process, the process in question being

inferred from the probability measure which appears with it.) Thus, for any

t>0,
(6.16)
b 0;Ref—:p(1—€) f(7;)
PO o 1) Tt(strn AN Tpa—a£(r) 2 1) < PZoypry) " (Tp(s(ryy) 2 1)-
For ease of notation, in the analysis below, we let Ly = p(1 — €)f(7;),

Ly = (1 —€)f(r;) and Ly = f(s(7j)). Let PPM denote probabilities for a
standard Brownian motion starting from x. By the isotropy of Brownian
motion and the fact that a reflected Brownian motion can be realized as the

absolute value of a Brownian motion, we have

0;Ref—:p(1—¢) f(7;
(6.17) PEEG 0 T Ty = 1) = PR (T AT 2 1),
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Using Brownian scaling for the first inequality and symmetry for the second

one, we have

t
BM BM
PE 0 (Thta ATy 2 1) = Platny (T2 o) <

V

(6.18) .

BM
e

As is well-known, there exist #x, A > 0 such that PPM(T} > t) < ke for
all t > 0. Thus, from (6.16)-(6.18), choosing t = s(7;) — 7; — 1, we conclude
that

(6.19)
A(s(mj) — 71 — 1)
b
P01 Trtatrn N p1-0p(ry) 2 5(73)=7=1) < mexp (== 25—
We now calculate the asymptotic behavior of P(bf*’je) f(Tj)(T p(1—e)f(r;) >

Tf(s(rj))) via that of P(blxje)f(»rj)(Tp(l—e)f(rj) < Tf(S(Tj)))' Similar to (3.8), we
have

(6.20)

bz _ (vb ]
P a6 Toa-as) < Treen) = 50sm)) =
In light of (6.9) and (3.9), it follows from (6.20) that

Y (L —¢€)f(7;
(6:21) PE e (Toa—erf(ry) < T(sirg) ~ ¢((p(<1 _ee)) f((zj)))), as 7, — 0o.

From (3.9) and the fact that f(t) = ¢(log t)ﬁ, we have

1 _ . 72bc1+"/(176)1+’Y 14y
(6.22) P = e)f (7;)) ~p'T; o (e ), as T — 0.
(p(1 =€) f(75)) J
Thus, from (6.22) and (6.21),
(6.23)
2bC1+’Y(176)1+’Y 1+
bz — =g (1=ptt)
P o5y Tpi-ap(ry) < Tpismypy) ~ o'y 17 , as Tj — 00.
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From (6.12), (6.13), (6.15), (6.19), (6.23) and (6.7) we have

_ 2ttty (1—p'+7)

Pl(Bj| ﬁz;]& B;, Tj) >1-— 2p’YTj el —

1 2 A -1 —1
(6.24) 2 exp ( — 56202(10g ;) 1i7) — Kexp ( — (8((;3)_ IZ)Q )),
for sufficiently large j.
Since
(15517
s(rj) =7 =1 _ e
(s = L” (g = p)2(1 = ep2e(log my) =

and since 7; > j by (6.7), it follows that (6.24) holds with 7; replaced
by j on the right hand side of the inequality. Then taking the conditional
expectation with respect to ﬁg;]l\/[Bi on the left hand side, to remove 7; from
the conditioning there, we conclude that

(6.25)
2bcl+7(1—e)1+7

PU(Bj| Ny By = 1—2p7 T

( 1—25 )1+’y
€

7=
(L — )2(1 — €)2¢(log j) T+

—j—1

2exp (— %e%%logj)ﬁ) —rexp (—

)

for sufficiently large j.

(=Y
Clearly, Zj’;J exp ( - FAR R et ) < 00. Since by assump-
’ (125 —0)?(1=6)%2(log j) TH7

2
tion v < 1, it follows that > °° . exp ( — 3€e’c*(logj)™ ) < oco. Since

J=jo
1+ . . —_
2’1‘;;(1 — p'*7) > 1 is equivalent to p < (1 — Q;CJHW) 47 we also have
_zbe! a0 g 1
Z;’ijoj Ty (=) < oo, for all p < (1 — 2;:{17)1” and suffi-

ciently small € (depending on p). Using these facts with (6.25) and (6.11),

we conclude that

lim lim Py(Nf,,B;) =1,

M—o00 N—o0

1
which gives (6.10) for all p < (1 — QJJIW)W and all sufficiently small e

(depending on p). O
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7. PROOF OF THEOREM 5

Proof of (i). The proof is almost exactly the same as the proof of Theorem 4
starting from (6.6), using (logt)’ instead of (log t)ﬁ (and with b = ¢ =1).
The one place in the proof where this results in a meaningful difference is in
the estimate on P(a?[’y—e)f(Tj)(Tp(l_E)f(Tj) < T(s(r;)))- We have (6.21) as in the
proof of Theorem 4. From (3.9) and the fact that f(t) = (logt)!, we have,
instead of (6.22),
(1 =) f(7))
o(p(1 =€) f (7))
Using this with (6.21) gives, instead of (6.23),

2
147

~ p7 exp ( ~ (1 =71 = p")(log Tj)l“*”).

bxY
P o) ey D=y f(r) < Tr(s(ry)) ~
9
Y _ _ AN\ 14y AN (1+7) .
p exp( 1_’_7(1 €) (1 —=p ) (log ) ), as 7j — 0.

By (6.7), 7; > j. Since I(1 4+ ) > 1, the right hand side above is summable

for all p € (0,1). The proof of Theorem 4 then gives lim inf; % > p

a.s., for all p € (0,1); thus, liminf; % > 1 a.s. Since X (t) < f(t), we

conclude that lim; s % =1 a.s.

Proof of (ii). We first prove (1.4). We follow the same kind of strategy used
to prove (6.6) in the proof of Theorem 4. Let {7;}52, be defined as it is
following (6.6). Let € € (0,1) and ¢ € (0,1). If we were to define s(t), for
t>1, by

F(s) = (1 +€)s? = f(t) — 7 (equivalently, s' — (1 + ¢)s? = ¢! — ¢9),

we would have st =t/ + (1 + €)s? — 19 > t! 4 ¢t9. In light of this, we define
for simplicity s = s(t) by

sh=t + etd.

F(s(8) = (s(8))' = ' + et

1
l

s(t) =t(1+ etq_l) =t + et' Tt 4 lower order terms, as t — oo.
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and

(72) F(s(t) = (L+e)(s(1)? = (s(1))' — (1 +€)(s(1))" =
et — (L+e)(s(t)? <t — 7= f(t) — .
Let B; be the event that
i X(t) > f(ry) — 67'](-1, 7 <t<T1+1;
i X(t) > f(ry) =7, 77+ 1<t < Tjq15
ii. 7541 < s(7j).
(We have suppressed the dependence of B; on € and ¢.) It follows from (7.2)
that on the event B; one has X (t) > f(t) — (1 + €)t9, for all ¢t € [, Tj41].

Thus, for any N, on the event ﬂ;?‘; nBj, one has

limsup (f(¢) — X(t) — (1 +€)t?) <O0.
t—o00
Therefore, the proof of (1.4) will be completed when we show that
(73) lim Pl(ﬂjo‘iMBj) =1,

M—o0

for some € € (0,1) and all ¢ > qo.

We write
N
i—1
(7.4) Py By) = [T Pu(BsI Ny B,
j=M

where N1 B; denotes the entire probability space. Let
=M

Gy = {X(t) > f(ry) — er?

T 7 <t <1 +1}

. Y
(Note that C; depends on the random variable 7;.) Let Pf(rj)fmj‘? de-
note probabilities for the diffusion process corresponding to L,y without

reflection, starting from f(7;) — er{. Noting that if 7,1 < s(7;), then

X(7j+1) = f(m541) < f(s(75)), it follows by the strong Markov property and
comparison that
(7.5)

Py(B;| N2y Biy7j) >

z c
Pyt Lpryy—zt > Tis(ry))s Titsryy) < 8(15) = 75 = 1) = Pu(CflT5).
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Also,
(7.6)

xY

Pyt Trep—rt > Tistrys Trstry S s(1j) =15 = 1) =

Pl et (Triy=rt > Tyt Trtsm A Tpirpy—rt < (1) =75 = 1) =
Pl —ert(Triry=rt > Trsm) =

P f&-)—er; (Tytste) N Tp(ryy—rt 2 8(75) =75 = 1).

In order to get a lower bound on P; (B;| ﬂg;]l\/A,Bi, 7j), we will bound P (C¥|75)
and P%’

Fry)—er? (T (s(rj) A Tf(rj)—rj‘? > s(1j) — 175 — 1) from above, and we will
calculate the asymptotic behavior of PfIZTj J—ert (Tf(Tj)—TJ‘? > Tp(s(r)))-

We start with P (C|7;). We mimic the paragraph containing (6.14), the
only change being that ef(7;) is replaced by eT]q . Thus, similar to (6.15), we

obtain

. 1
(7.7) P1(CS|75) < 2exp (- §€2Tj.2q).

We now turn to P]%(WT]-)—U]‘? (T (s(ry)) /\Tf(Tj),T]gz > s(1j) —7;—1). We mimic
the paragraph following (6.15), the only changes being that (1 —€)f(7;) is
replaced by f(7;) — 7], p(1 — €)f(7;) is replaced by f(7;) — 7] and b is set

to 1. Similar to (6.19), we obtain,

(7.8)
- Ms() 75~ 1)
Py —ert Trtstr N gmp—rg 2 8(75) = 75 = 1) < wexp (= =275 —),

where Lz = f(s(7;)) and Ly = f(15) — T;].

. . Y
We now calculate the asymptotic behavior of Pf(rj)fnj (Tf(rj)—r]‘? > Tf(s(Tj)))
via that of Pf(lj)fer]‘? (Tf(rj)—rj‘? < Tf(s(r;)))- Similar to (3.8), we have

(7.9 Pf, o(f(s(75))) — ¢(f(75) — er])

f(ry)—er? (Tf(Tj)—TJ‘? < Tf(s(‘rj))) = QS(f(S(TJ))) — ¢(f(7']) — 7'](-1) ’

For any A € R, we have

(7.10) (£ 4+ X9 = 1O L X(14-4)t"9 + lower order terms as ¢ — oc.
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We now make the assumption, as in the statement of the theorem, that ¢ >
go- Thus, Iy + ¢ > 0. Using this in (7.10), along with (3.9) (with b= 1) and
(7.9), and recalling that f(7;) = T]l- and that, from (7.1), f(s(7;)) = T]l- —l—ET]q,

we conclude that

(7,11) PIZT) 57— (Tf(_,_) q < Tf(s(‘rj))) ~ exp(—2(1 — G)T]h—i_q), as 17; — 00.

From (7.5)-(7.8) and (7.11), we have

Py (Bl ﬁf;b Bj, ;) > 1 —2exp(—2(1 — E)T]%v+q)_

1 As(rj) —15—1
2 exp ( — 562732‘1) — Kexp ( — (8((2]3)_ g‘i)z )), for sufficiently large 7;.
From (7.1), we have s(1j) —7; —1 > %TJH for large 7;. From (7.8) and
(7.1), we have L3 — L1 = f(s(1;)) — f(75) + 7] = (1 + €)7]. Thus, for large
Tj,
s(tj) —15—1 € 1—g—1

(Ls —L1)2 —2(1+e2"

If1—¢qg—1> 0, then we can complete the proof just like we completed
the proof of Theorem 4 and conclude that (7.3) holds, and thus that (1.4)
holds. Note that in order to come to this conclusion, we have needed to
assume that ¢ > g9 = max(0,—lvy) and that 1 — g — [ > 0; that is, we
need max(0,—ly) < 1 —1 and ¢ € (max(0,—ly),1 —1). A fundamental
assumption in the theorem is that [ € (0, ﬁ) For these values of [, the
above inequality always holds. Thus, (7.3) holds for those ¢ which are larger
than gp and sufficiently close to gp. Consequently, (1.4) holds for all ¢ which
are larger than ¢p and sufficiently close to qp. However, if (1.4) holds for
some ¢, then clearly it also holds for all larger q. Thus, (1.4) holds for all
q > qo-

We now turn to the proof of (1.5). We have v € (—1,0] and ¢y = —~l €
[0,1). Let t; = j*, for j > 1 and some k > 1 to be fixed later. For M > 0, let
AM el be the event that X (t) < f(t;) — Mtqo for some t € [t;,tj41]. Clearly,

lim sup;_, w > M on the event {AM i.0.}. The conditional version
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of the Borel-Cantelli lemma [3] shows that if
(7.12) Z P(A +1’]:t

then Pl(Aé-w i.0.) = 1 Thus, to prove (1.5), it suffices to show that (7.12)
holds for all M > 0.

Since up to time ¢;, the largest the process can be is f(¢;), and since up
to time ¢;41 the time-dependent region is contained in [1, f(¢;41)], it follows

by comparison that

&V iRefef(t41)

(7.13) Py g+1‘-7:t]) z P £(t) (Tf(tj)—Mtjo < tjr1—tj).
Clearly,
zV;Ref«—:f(tj41)
Pray T Tpp—aeo S tiva —ty) =
(7.14)
oV ;Refer: f(t7)=Mt50, f(tj41) T <
F(t5) ( f(tj)—Mtj.O S tj41 — tj)v
7;Ref Mt f(t; e .
where P;( )e (1) =M g 41) corresponds to the L, diffusion with re-

flection at both f(t;) — Mt;]-O and f(tj+1).
We estimate the right hand side of (7.14). We have

{Tf(tj)fMt;I.O <Tpyn)t —{Tpes00) >t — 153 CH{Tyq, —mo S it~ it

Thus,
(7.15)
aV;Refer: f(t;)— M0, f(tj41)
L o (Tye;)-nazo < tjwr —15) 2
x”;RefH:f(tj)—Mtqo,f(tj_H)
£(t;) ! (Tyt;y—nreo < Tpie)) =
aV;Refer: f(t;) = Mt30, f(tj11)
Py T (T > i — 1) =
¥ 7 ;Ref—:f(t;)—MtI0
Pf(tj)(Tf(tj)—Mth < Tf(tj+1)) - Pf(tj) ’ ! (Tf(th) >tjp1 — tj),

where Pf(t y corresponds to the L,y diffusion without reflection.

Similar to (3.8), we have

o(f(t))) — d(f(tj+1))
o(f(ty) — MEL) — (f(tjt1))’

(T16)  PFo Ty y—ano < Tyt in) =
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where ¢ is as in (3.7) with b = 1. We now choose k so that kl(1+ ) > 1.
Then since
(f(t)) 7 = (f)7 = (G + HHUFY - 0

is on the order j¥(1+7)=1 it follows from (7.16) and (3.9) that

o(f(t5))
o(f(t;) — MtP)

x
(717) Pf(tj)(Tf(tj)—Mt?O < Tf(tj+1)) ~

Now

(7.18)
(f(t;) T = M0,

(f(t;) = MEPYHT = (¥ — MRyt = RO — M1+ 4) + o(1), as j — oo.

Using (7.18) and (3.9), we conclude from (7.17) that

. . vy
(719) h]H_l}})]gf Pf(tj)(Tf(tj)_Mt‘Jl_O < Tf(thrl)) > 0
. V;Ref—: f(t;)—Mt10 ,
We now consider P;(tj)e ! " (Ty(t;40) > tj+1 —tj). By Markov’s
inequality, we have for A > 0,
2V ;Ref—:f(t;)—MtI0
(7.20) Pray) U Ty >t — 1) <
’ Y ;Ref—:f(t;)—MtI0
exp ( — )\(tj—i-l — tj))Ef(tj) ’ J eXp()\Tf(tj+1)).

We apply Proposition 4 to the expectation on the right hand side of (7.20),
with o = f(t;) = MtP = j5 — M=, 8 = f(tj11) = (j + D¥, b =1 and
X = \, where \ is as in the statement of the proposition. Then

x7;Ref—:f(t;)—Mt10 -
(7.21) Ef(tj) ! ’ exp()\Tf(tHl)) <2

Since v < 0, we have min(a?, 87) = 87; thus,

(G + D™
(2¢ = 1)((j + 1M — jH 4 Mj—Fr) "

X:

Now (j41)* — 5% is on the order j¥~!. Recall from the previous paragraph
that we have chosen k so that k(1 4+ ) > 1. Thus, the denominator on

the right hand side above is on the order j¥~1, and thus \ is on the order

Ky —kl+1

Jj . Since tj 11 —t; = (j+1)* — j* is on the order %!, the expression
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(tj+1 —tj)A is on the order jk(l_l(l_ﬂ). By assumption, I(1 — ) < 1; thus
lim,jyo0(tj+1 — t;)A = co. Using this with (7.21), and substituting A = X in
(7.20), we conclude that

z7;Ref—: f(t;)— Mt

From (7.13)-(7.15), (7.19) and (7.22) we conclude that (7.12) holds for any
M > 0. (]
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