A NEW LOOK AT SOME ASPECTS OF
ONE-DIMENSIONAL RANDOM SEQUENTIAL
ADSORPTION AND ITS CONTINUUM LIMIT

ROSS G. PINSKY

ABSTRACT. Fix a positive integer k > 2, and for n > k, consider a row
of n molecules. From among the n — k + 1 nearest-neighbor k-tuples of
molecules, select one uniformly at random and bond the k£ molecules.
Now, from all the remaining nearest-neighbor k-tuples, again select one
uniformly at random and bond the k£ molecules. Continue like this
until there are no nearest-neighbor k-tuples left. Let M,E") denote the
expected value of the number of bonded molecules. An explicit integral

A/[Iin)
n

formula for my = lim, o is known, and an explicit formula for
Moo = liMg— 00 My is known. The constant meo, known as the Rényi
parking constant, arises as the limiting packing density for a continuous
analog of the above discrete packing problems. These are all models of
what is called random sequential adsorption (RSA). The first part of
this paper studies the gaps of sizes 0,1,--- ,k — 1 that arise between
bonded k-tuples and shows that after scaling the k-grid, when & — oo
the empirical distribution of expected gaps in the discrete problem on
the lattice converges weakly to an appropriate gap distribution that is
known to hold for the above noted continuous analog. The second part
of the this paper considers two different models of the discrete bonding
problem when both ki-bonding and k2-bonding occur, with 2 < k1 < ka.
Explicit formulas are obtained for the analogs of mg, and the asymptotic
behavior of these analogs is studied both when k2 — oo with ki fixed,

and when k1, k2 — oo at certain ratios.

1. INTRODUCTION AND STATEMENT OF RESULTS

Fix a positive integer k > 2, and for n > k, consider a row of n molecules.
From among the n — k 4+ 1 nearest-neighbor k-tuples of molecules, select
one uniformly at random and bond the k molecules. Now, from all the
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remaining unbonded nearest-neighbor k-tuples, again select one uniformly
at random and bond the k molecules. Continue like this until there are

(

no unbonded nearest-neighbor k-tuples left. Let M kn) denote the expected

(n)
value of the number of bonded molecules and consider lim, o M#, the
limiting expected density of bonded molecules as the number of molecules

increases to infinity. The following theorem is known.

Theorem 1. Let M,gn) denote the expected number of bonded molecules

under k-bonding on a row of n molecules. Then

k-1

s7—1
= (2 .
Jim —> k/ exp( Z ; ) ds

J=1

(1.1) mg =

The case k = 2, proved by Flory [6] in 1939, thirty-five years before he
won the Nobel Prize in Chemistry, appeared in a chemistry journal, and was
then rediscovered and proved along with a corresponding weak law of large
numbers by Page [12] in 1959 in a statistics journal. These proofs do not
generalize to k > 2. We proved the general case along with a corresponding
weak law of large numbers in [13]. It turns out though that there were a
number of earlier works that obtained the result (1.1), with varying levels
of rigor and varying levels of detail; see for example, [9], [11], [7]. The
integral in (1.1) can be calculated explicitly only when k& = 2; one has
mo =1 —e"2 ~ 0.865. The values of my, for various choices of k appear in
the first column of table 2 below. It is clear from numerical evidence that
my, is decreasing in k; this was stated as a conjecture in [13], and seems to
be open still.

One can show that

0o T _ ey
(1.2) o := lim my = / exp <—2/ c dy) dx ~ 0.7476.
k— 0 0

00 Yy
The constant ms is known as the Rényi parking constant. It arises directly
from the following continuous packing problem. Consider the interval [0, L].
A car of length 1 wants to park on the interval. If L < 1, then it can’t
park. If L > 1, the car chooses a point p uniformly at random from the
interval [0, L — 1] and parks, taking up the interval [p,p + 1]. This creates
two smaller vacant intervals—I[0, p| and [p+1, L]. Now implement the above

rule for each of these intervals. Continue like this until no more cars can



RANDOM SEQUENTIAL ADSORPTION AND ITS CONTINUUM LIMIT 3

park. Let CX) denote the expected value of the length of space taken up
by parked cars (or equivalently, of the number of parked cars). Rényi [14]
proved that the limiting expected density of the space taken up by parked

cars as the length of the interval increases to infinity is given by
o)

im —— = Meo.

n—oo
In a private communication [2], Julien Bureaux provided a proof of (1.2).
We will reproduce it below at the end of this introductory section, as variants
of it will be needed in this paper. In a literature search for this paper, we
found an older similar proof of (1.2) in [4], which itself cites [9], where the
result is demonstrated without complete mathematical rigor. If one scales
the discrete molecule problem above by k, it is easy to see heuristically that
the Rényi parking problem is the continuum limit of the discrete problem.

Both the discrete and the continuous models above are models of what is
known in the chemistry literature as random sequential adsorption (RSA).
For more about models of RSA and other related phenomena, the reader
is referred to the review article [5]. From the mathematics literature point
of view, the above problems are discrete and continuous random packing
problems. For a fresh look at the discrete case with k = 2, see [8]. For some
refinements of Rényi’s result, see for example, [3], [15] and [16].

This paper has two contributions. The first contribution is a study of the
gaps between bonded k-tuples in the discrete model and a proof that after
scaling the one-dimensional integer lattice by k, the empirical distribution
of expected gaps in the discrete problem on the lattice converges weakly
as k — oo to an appropriate gap distribution that is known to hold for
the Rényi parking problem. The second and more novel contribution is a
study of two different models of the discrete bonding problem when both
k1-bonding and ko-bonding occur, with 2 < k; < ky. For the proofs of the
results concerning one of these two models, the results on the gaps will play
an essential role.

Turning to the first topic, we now describe the gaps. When k-bonding
is completed on an interval of length n, there will be between any two
consecutive bonded k-tuples a set of [ unbonded molecules, for some [ €
{0,1,--- k — 1}. Such an Il-tuple of unbonded molecules also occurs be-

fore the leftmost bonded k-tuple and after the rightmost one. For [ €
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{0,1,--- Jk—1}, let X ,8? denote the random variable counting the number
of [ gaps, and let Gl(:;ll) =FX ,gnl) denote the expected value of the number
of l-gaps. (We emphasize that this counts the number of I-gaps, not the
number of molecules contained in the [-gaps, which is [ times as large. Also,
we are working with maximal gaps. That is, if there are [ molecules between
two consecutive k£ bonds, then this counts only as one [ gap and not also as,

say, two [ — 1 gaps.) A central limit theorem was proven for X ]ﬁ) in [10].
That paper also proved the following theorem concerning lim,, o, —2, the

w0
limiting expected number of I-gaps per unit length, that is, the limiting ex-
pected density of I-gaps, as the number of molecules increases to infinity.
For completeness, we will provide a different but similar proof of the the-
orem, which is in the spirit of the proofs of the rest of the results in this

paper, and which we proved before we were aware of [10].

Theorem 2. Let Gl(:l) denote the expected number of | gaps under k-bonding

on a row of n molecules. Then

(1.3)
G(") 1 k—1 i 1
Oky i= lim Kl :2/ (1—s)s' exp 228 , ds, 1=0,1,---  k—1.

Remark. For [ = k — 1, the integral above can be calculated explicitly.
. ! .
One has ((1 —5)%exp (2 Zf;ll SJ—J>> = —2(1—s)s"Lexp (2 Zf;ll 87])’ thus

from (1.3), gr:k—1 = exp (_2 Zf;ll %)

Since M, én) is the expected number of molecules bonded in k-tuples, and
(n)
since M,’; is the number of bonded k-tuples, it follows from the definitions

that

Lo m,
ZGk;l - EM]{: +1,

N
Il
=)

o
—

Gy + My =,

=1
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and consequently by Theorem 2,
k—1

Z Gt = M,

ksl E
1=0

k-1
Z lgry =1 —my,.
=1

We remind the reader that gy, lgk., % and my, are respectively the number

(1.4)

of [-gaps, the number of molecules in [-gaps, the number of k-bonds and the
number of molecules in k-bonds per unit length. We illustrate this in Table
1 for £ = 10. (Due to roundoff error, there is a discrepancy in the fourth
decimal place between the sum of the values in each of the two columns and

the corresponding values appearing in the caption to the table.) It follows

—

104 lgiou
0.0187 0
0.0124 0.0124
0.0095 0.0190
0.0077 0.0232
0.0065 0.0260
0.0059 0.0280
0.0049 0.0293
0.0043 0.0303
0.0039 0.0310
0.0035 0.0314

TABLE 1. Gaps densities from Theorem 2 for k = 10;
S0 g0 = "0 & 0.0770, Y0 Igiog = 1 — mag ~ 0.2304

0 N O Otk W N RO

Ne}

from (1.3) that gy, is decreasing for I € {0,--- ,k —1}. Numerical evidence
suggests that lgy, is increasing for [ € {0,--- ,k — 1}, but we don’t have a
proof.

In light of the first line of (1.4), define the scaled empirical measure of
the expected gap densities for k-bonding by

(15) B0 = Y g v € 0.1

L1
bg=m<y
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We will prove the following weak convergence result for the sequence {p3 "},

of probability measures on [0, 1].

Theorem 3. Consider the probability measures {p]*°}2°,, defined in (1.5),
where gi, is as in (1.3) and my, is as in (1.1). Then
(1.6)

Jim @™ ([0,9]) = /0 (1—e)exp (2/0 ) dy> dz, 7 € [0,1],

Moo

where Moo is the Rényi parking constant from (1.2). In particular, the lim-

iting probability measure

(1.7) wiP® = w— lim ugaps

k—o0

has density

2 o T1—eY
(1.8)  fugers(y) = — xe exp [ —2 dy | dz, v €1[0,1].
0 0

Moo Yy

From (1.8), it is clear that lim,_,¢ f,gps () = oo. The graph of the density

Jfugevs appears in figure 1. We have the following corollary.

Corollary 1. The expected value of a ps?®-distributed random variable is
given by
1 1 —muso
(1.9) / v fyugars (7)dy = ———— =~ 0.3376.
0 - Moo

Remark. The corollary indicates that for k-bonding with very large k, the
average size of a gap is just slightly more than % the maximum gap size of
k—1.

Proof. Using (1.6) and (1.5) for the first equality below and the second line

of (1.4) for the second equality below, we have

1
/(; "yfuggps( )d’y— lim — ]{: gkl = Too

k—o0 mk

In the Rényi parking problem on an interval of length L, gaps between
parked cars are formed, with gap lengths in the interval [0,1). Bankovi
[1] carefully constructed the appropriate probability space for this problem
and then defined a gap chosen uniformly at random from all of the existing

gaps. The distribution of this gap is of course a probability measure on
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[0,1]. He showed that this gap distribution converges weakly as L — oo
to the probability measure puSS"° defined in (1.7). Thus, Theorem 3 shows
that the appropriately scaled empirical distribution of expected gaps in the
discrete problem on the lattice converges as k& — oo to the corresponding

appropriate object for the Rényi problem on the line.

F1GURE 1. The density f,saps of u&eP® from Theorem 3.

We now turn to a study of the discrete bonding problem when both k;-
bonding and ks-bonding occur, with 2 < k; < ks. We will consider two
different models. In the first model, k3 bonding is performed to its com-
pletion on a row of n molecules. This leaves gaps of sizes between 0 and
ko — 1. Now ki-bonding is implemented on these gaps. Then as before, we
let n — oo. In the second model, at first k1 and k9 bonding occur together.
At each step, one considers all of the possible ki-tuples and all of the pos-
sible ko-tuples, chooses one of them uniformly at random and implements
the bond. When there are no longer any unbonded ko-tuples, ki-bonding
continues on all the remaining gaps, whose lengths are of course at most
ko — 1. Then we let n — oo. Both models can be considered to have two
stages. In model I, the first stage is ko-bonding and the second stage is ki-
bonding on the remaining gaps of lengths less than k. In model II, the first
stage is competitive k1 and ke-bonding, continuing until there are no longer
any unbonded ks-tuples. The second stage is ki-bonding on the remaining
gaps of lengths less than ko. We will be interested in results for &y and ko
fixed, for k; fixed and k9 — 00, and for k1, ko — 0o at certain relative rates.

Below we display the definitions of the two models and define the notation
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for the expected values of the number of bonded molecules:

(1.10)
Model I: Let 2 < k1 < ko < n. Implement ke-bonding on the line of n

molecules, and when it is completed, implement k;-bonding on the

resulting gaps. Let M ,g?)kQ, ; denote the expected number of bonded

molecules. Now let n — oo.

Model II: Let 2 < k1 < ko < n. Implement k; and k2-bonding together on
the line of n molecules—at each step choose uniformly at random from

all of the possible ki-tuples and ks-tuples, and bind the molecules. When

there are no longer any unbonded ko-tuples, continue with k;-bonding.

Let M, IE?)kQ- ;7 denote the expected number of bonded molecules, and let

M ,gn)k .71, denote the expected number of bonded molecules at the end of
1,/k2,4141

stage one, when there are no longer any unbonded ko-tuples. Now let n — oo.

Remark. Note that the parallel of M ,iT)kQ_ n for model I is M,gg), the ex-

pected number of bonded molecules for ko-bonding on a row of n molecules.
(n) )

We now consider lim,,_,oo —252L and lim,_yeo —22522L  the limiting ex-

pected density of bonded molecules as the number of molecules increases to

(n)
Mk’l,kg;lll
n Y

density of bonded molecules at the end of stage one in model 11, as the

infinity in the two models, and also lim,, o the limiting expected
number of molecules increases to infinity. Of course, the limiting expected

density of bonded molecules at the end of stage one in model I as the number
(n)

k . .
—2- = my,, which appears in

of molecules increases to infinity is limy, ;o —;

Theorem 1.
For Model I, we have the following theorem, whose proof is immediate in
light of Theorems 1 and 2.

Theorem 4. Let M,Sf)k%[ denote the expected number of bonded molecules
under Model I in (1.10). Then

Mk(:n)k I e )
(1.11) Mgy ;1 2= 1 ITQ = Mgy + Y Grou My,

I=Fk1
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. . . ) D .
where my, is as in Theorem 1, gy, is as in Theorem 2 and M,El) is the ex-

pected number of bonded molecules under ki-bonding on a row of | molecules.

Proof. In Model 1, first ko-bonding is implemented. When it is completed,
between any two consecutive k-tuples, there will be a gap of size of between
0 and k2 — 1. On these gaps, ki1-bonding is implemented. The proof follows
from this description along with Theorems 1 and 2 and the linearity of the

expectation. 0O
We will prove the following theorem for Model II.

Theorem 5. Let M,En)k .77 denote the expected number of bonded molecules
1,R2;5

under Model II in (1.10), and let M,g?)kQ,Hl denote the expected number of

)

bonded molecules at the end of stage one, when there are no longer any

unbonded ko-tuples. Then

(1.12)
k(:n)k II
My i1y 3= N ——2 =
ki—1 ko—1
1 1 ks —~ sl —1 e~ s —1
2/ S = 1(k1+k2+k1(k2—k1)(1—8)) exp Z - Z - ds,
and
(1.13)
L 1 Mol 1 kZlyg g
. ky,ko;I1 s S
Mgy 11 = lim = = mkhkz;lll—i_/o B(s) exp Zl ;T Z; 7 ds,
J= j=
where
(1.14)
L ) ko+ki1—1 n—=kq ) 2ko—1 n—ks )
2. —L1p -1k ' '
B(s) = (1 —s)2s~ 2k~ 3k S (D M+ > (D M)+
n=max(ke,2k1) j=k1 n=kotki j=ki
3 1 2_1
(o) (st didin) (3700 )
Jj=k1

and M,g) 1s the expected number of bonded molecules under ki-bonding on a

row of 7 molecules.

Remark. The explicit integral expressions obtained in Theorems 4 for

M, ke and in Theorem 5 for my, ,.;r depend on the values of M,g), for
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j€{ky,- - ,ke —1}. (In Theorem 4 the integral expressions arise through
the terms gp,,.) For small ks, these values can be figured out directly. In
the case of general ko, if ko < 2k1, then from the definition of the k1-bonding
model, all of these values are immediate: M,g) =ki, j=ki, - kg — 1.
Table 2 compares the values my, , my, ko1 and my, , 17 for various values
of ki, with k3 = k1 + 1 and with ko = 2k;. We conjecture that my,.,.;r and

Mk, ke 11 are increasing in kg for ko > k1 > 2.

ki mgy Mk kr 1T Mk 2k My kA 1IT My 2k 01
0.865 0.923 0.924 0.892 0.894
0.824 0.881 0.900 0.850 0.860
0.793 0.837 0.880 0.813 0.833

10 0.770 0.796 0.866 0.782 0.814

100 0.750 0.753 0.854 0.751 0.796

TABLE 2. Limiting bonding densities under various regimes

from Theorems 1, 4 and 5.

In the remark after Theorem 5, it was seen that one can calculate gener-
ically M,g ) essentially only when j < 2k;. (We say “essentially” because
actually it is easy to figure out by hand M ,g ) for J = 2k; + 1, and then
progressively harder for j = 2k; 4+ 2,---.) But Theorem 1 gives the as-
ymptotic behavior of Mlg ) as Jj — oo. In the formulas for my, j,.;r and
M, ke:11, the influence of M,gi ) for any particular j becomes negligible as
ky — oo. (This can be seen easily in Theorem 4 since limy, o0 g,y = 0,
for any [. That this limit is zero can be seen by considering (3.1) with
the term ZZL:O s! replaced by s'.) This allows us to evaluate the limits
limp, o0 Mgy ko;r and limy, o0 My, ko 7 for any fixed k1. We can also eval-
uate the limits limy, oo Mk, pky 7 and limy, oo Mg, piy.rr with L € (1,2].
The reason that ko = Lk is restricted to L € (1, 2] is the issue noted in the
first line of this paragraph. We begin with the results for fixed k;.

Theorem 6. Let my,.k,.r be as in Theorem 4. One has
(1.15)

My 00,1 "= kgh—I>noo My ko:I = Moo + (1-— moo)mkl ~ 0.7476 + 0.252my,, .
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Thus also,

Hm M, oo;r = Moo + (1 — M) Moo = 0.9363.
klﬁoo

Remark. Theorem 6 has a quick proof using Theorems 1, 2 and 4, but we
don’t present it here in order not to interrupt the exposition. Theorem 6 is
easy to explain intuitively. Fix a very large ko and let n, the total number of
molecules in the row, be much larger than k. In Model I, first ks-bonding is
implemented. Since n is much larger than ko, by Theorem 1 the percentage
of bonded molecules is close to my,, and since kg is very large, my, is close
to Mmeo. This accounts for the term me, in (1.15). Now ki-bonding is
implemented on the gaps. The percentage of the original n molecules that
are in these gaps is close to 1 — my,, which in turn is close to 1 — mq.
Since the limiting density of gaps gi,. as n — oo satisfy limy, o0 giyy = 0,
for any fixed [, it follows that for our very large n, after the ko-bonding is
implemented, most of the gaps on which k;-bonding is now implemented are
large. Thus, by Theorem 1, the percentage of molecules that were unbonded
after the ke-bonding was completed and which now get bonded during the
k1-bonding phase is close to my,. This accounts for the term my, (1 — my)
in (1.15).

Theorem 7. Let my,.k,: 11 and My, .iy.11, be as in Theorem 5. One has
(1.16) My 00l *= lim My koI, = D =~ 0.4166,

k2—>00
and

(L17) 1y ooqrr o= 0y s = Dt (1=D)my, = 0.4166-+0.5834m,
2—>00

where
1 oo [z —e Y
(1.18) D= 2/ e~32%¢ Jo = Wir ~ 0.4166.
0
Thus also,

lim My 00 I = D+ (1 — D)moo ~ (0.8528.

k1~>OO

Remark. Analogous to Theorem 6 and the remark following that theorem,
Theorem 7 has the following explanation. In Model II, k;-bonding and ko-
bonding take place in a competing manner until ks bonding is no longer

possible. Then ki-bonding continues alone until it is completed. Equation
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(1.16) shows that for fixed k1 and very large ko, at the point that ke-bonding
is no longer possible, the percentage of bonded molecules (both ki-bonds
and ko-bonds) is approximately D. After this, k1 bonding continues to be
implemented on the remaining molecules whose percentage is approximately
1-D.

We note two very interesting points concerning the above remark. First
of all, the value of D is independent of k1, despite the fact that in Model II,
unlike in Model 1 analyzed in Theorem 6, k1 and k2 bonding are competing
at the same time. Second of all, the value of D (= 0.4166) is drastically
lower than the value of moo (= 0.7476). This shows that the ki-sized bonds
that occur during the competing stage of k1 and ko bonding heavily reduce
the number of consecutive unbonded ko-tuples available for ko-bonding. This
carries over heuristically to the continuous parking model of Renyi. Let ko be
very large. Scaling by ko, we think of the k2 bond as being a clump of bonded
molecules of unit length (corresponding to the parked car of length 1). The
bonds of length ki, when scaled by ks, now represent minute particles that
interfere with bonding.

Table 3 compares the values of my,, Mk, co;r and my, o7 for various
values of k1. One might also want to compare Table 3 with Table 2. Tables
2 and 3 show that for fixed k;, and any choice of ko, or alternatively ko —
00, the highest percentage of bonded molecules occurs for Model 1 kq, ko-
bonding, then for Model II k1, ks-bonding, and then the lowest percentage
is for the standard k;-bonding.

ki mg, Mg codl Mk ool

0.865 0.966 0.921
0.824  0.956 0.897
0.792  0.948 0.879
10 0.770  0.942 0.866
100 0.750  0.937 0.854

TABLE 3. Limiting bonding densities under k;-bonding and
under Model I and Model II k1, ko-bonding when ko — o0,

from Theorems 1, 6 and 7.
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We now evaluate limy, o0 M, pky;7 and limg, oo My, pky 7 With L €
(1,2].

Theorem 8. Let my, j,.1 be as in Theorem 4. Then for L € (1,2],
(1.19)

. o —=x —T —2[2 1—e”Y dy
Moo, Looyl 1= 1M My, (k)7 = Moo + + e LY —e e "0y dx.
k1~>oo ’ ’ L 0

Remark. Note that if one substitutes L = 1 in (1.19), the expression reduces
to Mo as is to be expected.

As with Theorem 6, Theorem 8 has a rather quick proof using Theorems
1, 2 and 4, but again we don’t present it here in order to not interrupt the

exposition .
Theorem 9. Let my, ,.11 be as in Theorem 5. Then for L € (1,2],

Moo, LooyI1 = 1m my rp),1 =
k:1—>00
z 1—e Y Lz 1—e Y

1 > L1, _ o dy _— [ dy
(1.20) 5 ; (L+1+(L—-1)x)e 2 “e v Ye v Wit

o0 — —
3—L 3L—1 e _ Lz 1-e"Y
/ (e_ 2 ¥ e 2 x>e o v W o v W,
0

Remark. Note that if one substitutes L = 1 in (1.20), the expression reduces
to meo in (1.2), as is to be expected.

Table 4 compares the values of Mg, 100,17 and Mg, 100,17 for various values
of L.

L Moo,Loo;I Moo, Loo;IT

1.2 0.795 0.768
1.4 0.822 0.779
1.6 0.838 0.785
1.8  0.847 0.790
2.0 0.852 0.794
TABLE 4. Limiting bonding densities under Model I and
Model II k1, ko-bonding with ko = Lk and k1 — oo, from
Theorems 8 and 9.
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It would be interesting to understand the behavior of limy, o Mk k7
and limy, oo Mk, Lk,:17 also for the case L > 2 as well as for the case that
L = L(k1) — oo at various rates.

As noted earlier, we end the introduction with the proof of (1.2).

Proof of (1.2). Making the substitution y = k(1 — t) in the third equality

below, we write

(1.21)

L k=1 1 19 _ k=1 k(l=s) 1 — (1 — ¥)k-1
Y K B e
j=1 J j=1"8 s - 0 Yy

Therefore, making the substitution z = k(1 — s) in the third equality below,
we have
(1.22)

1 b1 i 1 k(1—s) 1—(1-1% k—1
k/ eQZi:l1 J 1ds :k‘/ exp —2/ %dy ds =
0 0 0 Yy
k T _ (1 — ¥)k-1 o [ T ey
/ exp _2/ %dy dz ¥ / exp <—2/ c dy> dx,
0 0 Y 0 0 Yy

where the limit follows by applying the dominated convergence theorem.
This proves (1.2). O

We prove Theorem 2 in section 2, Theorem 3 in section 3, and Theorems

5-9 respectively in sections 4-8.

2. PROOF OF THEOREM 2

In [13], we proved Theorem 1 by analyzing the generating function of the

(n)

> 1, where ;" =3>"" | M ,gi). The reason we chose to work

n=1»

sequence {Slin)}
with the generating function of {S,(gn) 1> | instead of with the generating
function of {M,gn)};‘le is that the former sequence satisfies a three term
recurrence formula while the latter sequence satisfies a recursion formula
that grows with n. This was good enough for the proof of Theorem 1, but
it does not allow for the proof of Theorem 2. The method we employ here
can be slightly modified to prove Theorem 1, as we point out below after
completing the proof of Theorem 2.

As noted in the introduction, after k-bonding on a row of n molecules is
completed, between every two consecutive bonded k-tuples there will be a

gap of [ unbonded molecules, for some [ € {0,1,--- ,k — 1}. There will also
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be such gaps before the leftmost bonded k-tuple and after the rightmost
bonded k-tuple. For n > 1, let Ggfl) denote the expected number of such
gaps of length [. Define Gg?l) =0, if [ # 0 and Gg;)()] = 1. From the definition
of k bonding on a row of n molecules, we have

n—k+1

m_ 1 G-1) (n+1 k)
Gk?l_n—k—l—l ; (G] +G " >

n—k—i—lZG“’ nzk,

with the boundary condition

(2.1)

1,n=1

(2.2) G =
0,ne {0, k—1} - {i}.

)

Multiplying both sides of (2.1) by (n — k + 1)t" and summing over n from

k to oo, we obtain

n—k
(2.3) Z(n—k+1 "t _22 SaP) |
n=~k 7=0
Define the generating function
(2.4) ga) = Gt
n=k

Using the boundary condition (2.2), we write the right hand side of (2.3) as

00 n—k 2k—1 [n—k o) n—k

S Y el = Yl |+ Y (Y 6V )=
(2 5) n=k \ =0 ’ n=k \7=0 7 n=2k \ j=0 7
’ 2k—1 [e%S) ) n—k
Zt”—l—z 1+ZG(J) =S e S Y ey | e
n=k+l n=2k n=k+1 n=2k \ j=k
We have
o) [es) n—k
2.6) tk g’” - (Z tT) e =Y S a6 | e
=k n=2k \ j=k

From (2.3)-(2.6), we conclude that

26K 2tFgra(t)
1-—t 1—t 7

tgra(t) — (k — 1)gra(t) =
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which we write as

Gra(t) = A(t)gra(t) + B(t), where

E—1 2otk1
Alt) = —— 422 .
(2.7) (t) T
2 k+1—1
B(t) =t
1—1¢

the dependence of A on k and of B on k and [ being suppressed. Solving
the linear ODE gives for any € € (0,1),

t
(2.8) Gea(t) = gea(e)els A 4 / S A B(5)ds, e <t < 1.

From (2.7), we write

from which it follows that

St Amar _ BT (L= 8)? aykorsod
gk—1 (1 _ t)2

(2.9)

By (2.4), gi(€) = O(€*), thus it follows from (2.9) that lim, g g(e)efet Als)ds —
0. Thus, from (2.7)-(2.9) we conclude that

2tl€—1 t 9 k— 1 SJ t~7
1 (1) = —— 1 — g)sle? 2i= .
(2 O) gk,l(t) (1 _ t)2 /0 ( S) ds

(n)
k;l

It is easy to see that if limy, oo —=- = a, then lim,_,;- (1 —¢)2gx,(t) = a

. Gy
Indeed, for any € > 0, there exists an N, such that a — e < % < a+e, for

n > Ne. Write

(2.11) ZG”)t” Z a—e)nt” < gra(t Zletn—FZ (a+e)nt™.

n=DN, n=IN

One has

= Ve the N Ned
2.12 "= = < f :
(2.12) n;Vbnt bt(l_t> bt<(1_t)2+ 1_t>, orb>0

From (2.11) and (2.12), it follows that

a— e <liminf(1 — ¢)%gp,(t) < limsup(l — ¢)%grs(t) < a + e

t—=1- t—1-
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: : G
Unfortunately, we don’t see any very quick way to prove that lim,, ., —

exists. Define S’,(J;) =37 G,g]l) From (2.1), one has

(n) _ 2 (n—k)
Gk;l - n—k+ 1Sk;l

S
Thus, lim, e —2- exists if and only if lim, ;o —%5- exists. The proof that

this latter limit exists is almost exactly the same as the proof of Proposition
3.3 in [13]. In light of this, we conclude from (2.10) that

n .
(n) k—1 s7—1

GV 1
lim —L = lim (1 — £)2gpa(t) —2/ (1 - s)sle?Zimt 55 ds,
0

n—oo M t—1—

which proves Theorem 2. O

We note that the method above can also be use to prove Theorem 1.
Instead of (2.1), one has

n—k+1
(n) _ 1 ( (-1) (n+1—j—k) ) _
M"Y = § M M k) =
ookl o UTF MR *
9 n—=k )

with boundary condition Mén) =0,forn=0,---k—1.

3. PROOF OF THEOREM 3

Making the same substitutions used in (1.21) and (1.22), and recalling
(1.3), we have

(3.1)

L 1 L 22k71 $J_1 1 221@*1 sI—1
ng;ZZQ/ (1—29) Zsl ef=i=1 ds:2/ (1 —stth)e?2o=1 "7 ds =
1=0 0 1=0 0

2 [* T\ 141 1=t
k/o (1—(1—k) >exp —2/0 ey | de L=0,12
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Recalling the definition of *”* in (1.5), and using (3.1) for the final equality
below, we have

(3.2)

k
wy o ([0,7]) o~ > gk

L1
L=<

[v(k—1)]

k
—_ gkl =

m
L

Yy

9 k T B T _ (1 _ 7)k—1
R — — — ['Y(k 1)}4‘1 _ R A
— /0 (1 (1 k) )exp ( 2/0 ; dy | dz,for v € (0,1].

Theorem 3 now follows from (1.2) and from applying the dominated conver-

gence theorem upon letting £ — oo in (3.2). O

4. PROOF OF THEOREM 5

n)

From the definition of Model II k1, ko-bonding, it follows that M, 1§1 ko 10
the expected value of the number of bonded molecules from a row of n

molecules, satisfies

(4.1) 1
Méi)k%” - (n—ki+1)+(n—Fka+1) .
n—ki1+1 n—ko+1
> (Méﬂi?u + M kl) + 2 (Méf,}i?u M k2> )
=1 j=1
n 2 ks,

with the boundary condition
(n) Mlg?)v n:kb"'ka—l;
(4.2) Mkzl,kg;ll =
0,1=0,---,k —1,

where we recall that M IET) denotes the expected number of bonded molecules
for a row of n molecules under k1-bonding. Also, from the definition of Model
II k1, ko-bonding, it follows that M ,i?’)k% I the expected value of the number
of bonded molecules from a row of n molecules at the end of stage one when
there are no longer any unbonded ko-tuples, satisfies the very same equation
(4.1), but this time with boundary condition

(n) . o
Mk?,kz;fh =0,1=0,---,ky—1.
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Thus, in light of the linearity of equation (4.1), it suffices to prove only
(1.13) and (1.14), where in (1.13) we understand the term my, j,.77, to be
the right hand side of (1.12).

Multiplying both sides of (4.1) by (2n — ki — ks + 2)t", and summing over

n from ks to 0o, we obtain

(4.3)
o o0
Z (2n — k1 — ko + Q)M]Ei)kz;lltn = Z (kl(n — k1 + 1) + ]{32(71 — ko + 1)) t"+
n=ko n=~ko
0o n—ki n—ko )
23 > M | 42 Z > Mlhar | 1
n=ko 7=0 n=ko 7=0
Define the generating function
(4.4) My ko ( Z MkT,)kQ,H t".
n=ko

Consider the first term on the right hand side of (4.3). A direct calculation

gives
0 n (ke — ki +1) — (ko — k1 )t]th2
(4.5) Z;Q(n_klﬂ)t - (1—1) ’
5
[e%e] . th
Z;Q(n — ko + 1)t" = T

Now consider the second term on the right hand side of (4.3). Using the

boundary condition (4.2), similar to (2.5) we have

(4.6)
00 n—ki o) ko+k1—1 n—ki ) ko—1 o)
J _ .7 J
S S )= Y () e S (T u2) e
n:kg j:0 n:max(kQ,le) j k:1 n—= k2+k‘1 j:k’l
) n—ki

S |

n=ko+k1 \j=k2
Note that the second term on the right hand side of (4.6) can be written as
o) ko—1 ko—1 tk2+k1

(4.7) S oYM =Y MY

n=ka+k1 \Jj=k1 Jj=k1
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The final term on the right hand side of (4.6) can be dealt with similar to
(2.6). We have

(4.8)
My & 00 ) 00 n—k )
k1 "TOR1,k2\") k J | — J
Jj=k2 n=kat+k1 \j=k2

Now consider the third and final term on the right hand side of (4.3). Similar

to the above, we have

(4.9)
o) n—ka N 2ko—1 n—ko o) 9 ko—1 )
(J _ J J
> Z Myar | 1= D | 2o M )t Yo | Do My | et
n=ko n=ko+k1 Jj=k1 n=2ks j=k1
00 n—ko )
J
Do D0 Ml | 1
n=2ka \ j=k2

and note that the second term on the right hand side of (4.9) can be written

as
[e%s) ko—1 ( ko—1 ) t2k2
a3 (Sa)e- (Sup) 2
n=2ks \j=k1 j=k1

and the final term on the right hand side of (4.9) can be written as
(4.11)

o) o) n—=ko
ko Tk .k k (4) i _ ©))
r 11—215 =t (Z ﬂ) DMt | = > | D Ml | 1

j=k2 n=2ky \ j=k2
From (4.3)-(4.11), we conclude that

(ks — k1 +1) — (ko — ky)t]kath2 Eoth2

/ _
2tmk1,k2 (t) — (k‘l + ko — 2)mk17k2(t) = (1 — t)2 (1 — t)2+
ko+k1—1 n—ki ko—1 kot-k
. . tha+k m ¢
2 S v |2 | Y MY Tt 9t ’?f?)fﬁ

n=max(k2,2k1) \j=k1 j=k1
2]{:2 —1 n—k‘z k?2 -1

. . 2ko
(4) n (4) t ko Mk ko (t>
2 Y ZM,ﬁ t" +2 ZM,U Tt
n=kao+k1 \ j=k1 Jj=k1
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which we write as

m;hkz (t) = A(t)my, g, (t) + B1(t) + Ba(t), where
ki + ko —2 tha—l —i—th*l'

At) =
®) 2t 11—t 7
tk‘Q—l
Bl(t) = [k‘g + k‘l(k‘g — k1 + 1) — k‘l(k‘g — k‘l)t] PYZEERYL,
2(1—1)
(4'12) ko+k1—1 n—kq 2ko—1 n—ko ‘
mo= S (S (S e
n=max(k2,2k1) j=k1 n=ko+k1 j=k1
ka—1 (j) tkg—‘rkl—l +t2k2—1
Z M 1—t ’
Jj=k1

the dependence of A, By and Bs on kj and ko being suppressed. Solving the
linear ODE gives for any € € (0, 1),
(4.13)

t
My oy (8) = Mgy gy () ACIE +/ eJs AN (B (s) + By(s)) ds, e <t < 1.

. ! -1, ! Lo
Writing <& = & — Ej:lﬂ t/, we have [ {=dt = —log(l—t) — die %
Using this with the formula for A in (4.12), we obtain

ki + ko —2 il Ry
/A(r)dr:ﬁ;lgt—ﬂogl—t Z; Z;

and thus
(4.14)
l(lﬁ-‘rk’z—?) 1 2 k1—1 j j ko—1 j j
ftA(r)dr_<t)2 ( _S) st —1t sh—1
els = exp — + -
s (1—-1t) ; j ; j

By (4.4), my, k,(€) = O(e*2), thus it follows from (4.14) that lime_,0 7, &, (e)ef: Als)ds

0. Thus, from (4.12)-(4.14) we conclude that

(4.15)
t%(k1+k2*2)
My ky (1) = WX
b(1—s)? gy el yp
/0 mexp Zl ] + L ] (Bl(s) +BQ(S))dS
J= J=
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Similar to the proof of Theorem 2, we conclude from (4.15) that

(4.16)
(n)

M
: kl,k‘g'[[ . 2
nnglQ n t_lgl,( ) mkhkz( )
N I (= PR =
| e | X5+ 2 (Bi(s) + Ba(s)) ds,
J= 7=

where By, By are as in (4.12). Substituting for By from (4.12), we have after

some algebra,

(4.17)

L1 —s)? kllsjfl kQISJfl

———————exp (s)ds =

/0 s%(kl"'k?_m ]Z; =1
11 ko o1 R
2/ T (k1 + ko 4 ki (ks — k1) (1 — 5)) exp Yoy

0 , :

Jj=1 Jj=1

One can easily verify that (1_75)2_2)32(5), where Bj is as in (4.12), is equal

T
g2 (F1tk2

to B(s), where B is as in (1.14). Using this with (4.16) and (4.17) proves
Theorem 5. g

5. PROOF OF THEOREM 6

We write the second term on the right hand side of (1.11) as

ko—1 0]
0 ko —1 l lukl
1 E JM =m E . .
ol =k S & Mgy BLIEY ko — 1kt

By (1.5), Theorem 3 and Corollary 1,

ke —1 l ! 1 — Mmoo
(5.2) lim 2 Z Gkail 3 = / Y fugees (v)dy = :
2 = 0

Moo
|

(1)
M
By (1.1), lim;_, % = my,, and of course limy, o Mk, = M. Using this

with (5.1), (5.2) and (1.11) proves Theorem 6. O
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6. PROOF OF THEOREM 7
We break up the formula for my, g,.rr in (1.13) into four parts. The first

part is mp, g,.rr, from (1.12):

Tiy = Mgy ko1, =

1/t il si—1 el sh—1 kg —kq
2/ exp E + E ; s 2 (kﬁl + ko + kil(k'g — kil)(l — s))ds.
0 > >
J=1 J=1

Recalling (1.14), we define the three other parts by

k21 ; 1 kil sl —1 k21 s —1 1 1 3 1
My = (3 M9 [exp | 30 54 3T | (1) (st b s
j=ki 0 i=1 = 7
1 k1—1 j ko—1 ko+ki—1 n—ki
st —1 sl —1 ; ky_k
11, = [ e S T At X (M) s,
0 = = neky  j=hi
and
ki1—1 ko—1 2ko—1 n—=ko

1 i P 4
o= Lo D7+ 557 0o B (5 et
0

j=1 j=1 n=ko+k1 j=k1

(The lower bound in the outer summation in 111y, is actually max(ka, 2k1),
but since we are analyzing the case that ki is fixed and ko — o0, it suffices
to write ka.)

We first consider Ij,. Making the same substitutions as were made in
(1.21) and (1.22), with ko in place of k so that = k(1 — s), we have

1 ko—1 i
k:g/ exp(z i . 1)5%2d3:
a =

(1—a)ks T ] — (1 — L)ka—1
(6.1) / exp —/ ( k2) dy | (1— 2)%2dx Fazyo0
0 0 Yy k2

& T1—eY =
/ exp <—/ dy) e 2dx, for any a € [0,1),
0 0 Y
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where the limit follows from the dominated convergence theorem. From
(6.1) it follows that

(6.2)
1 ka—1 j %) T —
s — 1 ko 1 — € Y x
lim & / h(s) exp g - s2ds=h(1 / exp </ dy> e 2 dx,
k2—>oo20 () (jl J ) ()o 0 Yy

for any continuous function A on [0, 1].

From (6.2) and the definition of I, it follows that

1 1 ko—1
lim Ik2:§ lim k2/ exp(z
0

k2—>oo ]CQ*)OO

(6.3) J=1
0o T 1 _ -y .
1/ exp <—/ 1-¢ dy> e 2dxr =D,
2 Jo 0 )

where D is as in (1.18). This proves (1.16) and (1.18).
To prove (1.17) and thereby complete the proof of the theorem, we need
to show that

j_l k
i - )s%d(s:
J

(6.4) lim (I, + T, + IV;,) = (1 — D)my,.

k‘QA)OO

We first consider II,. Similar to (6.1), we have

1 kJQ—l sj _ 1
k%/ exp ( Z —)(1 - s)stF2ds =
a =
(6.5) (1= Tl (- )kt T \pky 5 ka—o0
: / exp —/ 2 dy | x(1 — —)"2dx "=
0 0 Yy k2
00 T _ ey b
exp | — , dy | ze”"*dz, for b > 0 and any a € [0, 1),
0 0
from which it follows that
1 ko—1 Sj 1
lim k2 / h 1—s)sk2ds =
s [ e -t

(6.6) 00 T _ ey
h(l)/ exp (—/ 1=-c dy) re % dx,
0 0 Y

for b > 0 and any continuous function h on [0, 1].
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By (1.1), Z;” ki M(j) Zfz k11 JMpy ~ My, k;2 , as kg — oo. Using this with
(6.6) and the definition of I1y,, it follows that

)
lim Iy, = ks / exp (/ ¢ dy) x (e_%x + 6_%5”) dz.
ko—00 2 0 0 y

2
We now consider I11y,. By (1.1), 3707 ,’:11 M(J) P ,1:11 Mg, ~ mkl%

as ko — 0o, uniformly over n € {ka,--- , ko + k1 — 1}. Thus, we have

kotki—1 n—ky 2
(] . ky to
g E My ~ k‘lmklgs 3 hi, (s), as ko — oo,
n=ko Jj=k1

where hy, (s) is continuous on [0, 1].

Thus,

(6.8)
k2 1 k1—1 i 1 ko—1 j_ 1 X

M1 ~ b, 52 [ | Y0 504 30 S (- s g (s
2 Jo = j=1

Making the same substitutions as before, we have

! Rl 1
k:2/ exp Z , (1—s5)%s2ds=
0 — J
(6.9) =1
1 ko z ] — (] — Y \k2—1 oo
— exp —/ ( kQ) dy x2(1 — £)%ngv k2300
k2 Jo 0 Yy ko

From (6.8) and (6.9), we conclude that

(6.10) lim I1I;, =0.

2—>OO

We now consider 1V},, which is somewhat more involved. From the sub-
stitutions in (1.21) and (1.22) that were applied to obtain (6.1) and (6.5),

and from the conclusions in (6.2) and (6.6), it is easy to see that the following
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holds.
For h(z) continuous on [0, 1] with h(1) > 0 and b > 0,
1 Raml i g
lim k§ [ e 1— 5)Ps"2n(s)ds =
kzl—r>noo 2/() Xp(jz; J )( S) ’ (S) °
(6.11)

fo exp( s ; Udy) e vdx, if C =D +1;
oo, if C'>D+1;
0, ifC<D+1.

Because of this, when calculating limg, .o, IVk,, we may replace the term

()

M;;* by the expression for its leading asymptotic behavior as j — oo, namely

k
jmy, , as follows from (1.1). We can also let h(s) = s~ 2 exp(zgcl n SJ] L),
which satisfies A(1) = 1. Thus, we have
lim IV, =
2—)00
(6.12) 1 kaml g 1 2%ko—1  n—ks iy
i oo o 3 (5 et
j=1 n=ko+ki j=k1
The same considerations in fact allow us to conclude that
lim IV, =
2—>OO
(6.13) 1 ko—1 Sj 1 2k2 1 n—ko k2
EW SE TR b

7j=1 n=kso

. - _ka
because the difference between Zik:zk; (E;L 6“2 jmy,)s" "2 and

Zikj,;i_kl (Z;‘ ,l:f ]mkl) n—'% is of lower order than Zikjk;ikl (Z;L ,ff Jmi,
as ko — co. We prefer to work with (6.13) rather than with (6.12) because
this makes the calculations below somewhat simpler.

We write

2ka—1 n—ks . 2ky—1

6.14) S (Y jmy)snE = m; S (ko) —ky+ )"

n=ko j=0 n=ko

k

o
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and
(6.15)
2ko—1 ., ka1
Z (n—ko)(n—ko+1)s"" % =57 m(m+1)s™ =
n=ka m=0
ko—1 ko—1 ko-+1
ko ke 1\ ke 1— 5% "n_
S
k72+1 2(1 — 8k2+1) 2(]{:2 + 1)Sk2 kg(k)g + 1)8]4271
(1—s)3 (1-—s)2 1—s '
From (6.13)-(6.15) we have
(6.16)
1 ko—1 i 1
lim IV, = M i exp( > )X
ko—00 2 ko—00 0 j=1 J
ko ko
szt _g2712 k k
( (s a S) > ) 2(ka + 1)337%rl — ko(k2 +1)(1 — 3)3372 ds.
-8
Making the same substitutions as before, we obtain
(6.17)
1 ko—1 i 1
lim exp( G )X
k2—>oo 0 ] 1 ]
k 3ko
2 +1 _ ==+2
( (s2 ¢ 5)2 ) ok + 1)5 % k(4 1)(1 — 5)5% | ds =
-8

x 3z
0 Tl1—e¥ 2072 —e 2 x z
/ exp <—/ ‘ dy) (7> —e72) — 2% —ge 3 | da.
0 0 Yy x

From (6.16) and (6.17) we conclude that
(6.18)

M‘CH')

oo z 1 — e Y 2 -3 — e T
lim IV, = mkl/ exp <—/ € dy> < (72 —e %% —ge s
ko—roc0 2 0 0 Yy xX

Note that

O ! O 1
(exp (—/ ¢ dy) xe_§z> = —exp <—/ ¢ dy) <:1ce_§JU
0 Yy 0 Yy 2
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[e.e] x 1 _ Y 1
/ exp (—/ ¢ dy) <xe_§x - e_§x> dxr =
0 0 Yy 2
T1—eY [e'S)
— <exp (—/ ¢ dy) xe_;gc) ‘ =0.
0 Y 0

Also note that the term % Jo~ exp (— o 1_;7‘1’ dy) ze”3%dzr in (6.7) can-
cels with a term from (6.18). Using this last fact along with (6.7), (6.10),
(6.18) and (6.19), we obtain
(6.20)
9 T _ oY -z =
lim (1L, + I11y, + IVi,) :m,ﬂ/ exp (—/ ye dy) (=),
0 0

k2—>OO

Thus,

(6.19)

Integrating by parts with u = e~3% and v’ = exp <— N dy) 1=¢%  we
have
(6.21)

oo x 1 ] _z B
/ exp (—/ c dy> ez —c> )da::
0 0 Yy x
e exp <—/ € dy> ‘ — / exp (—/ € dy) e~ 2%y =
0 Yy o 2/ 0 Yy
1— / exp (—/ ¢ dy> e~ 3%z,
2 Jo 0 Yy

Now (6.4) follows from (6.20) and (6.21).

|
7. PROOF OF THEOREM 8
Recalling that M,gll) = ki, for | € [k1,2k1 — 1], we have from (1.11),
(7.1)
[Lkl]_l [Lkl]—l
!
My [LkyJ;T = MLky] T Z g[Lkﬂ;zMéf = Mk, k1 Z gk L€ (1,2].
1=k 1=k

Substituting from (1.3) in the sum on the right hand side of (7.1), we have

[Lk1]—1 [Lk1]—-1 (Lky]—1 o _1

1
k1 E g[Lkl};ZIle/ (1-—5) E s | 2=t Tds —
0

(72) l=k1 2
1 . _ .
2k'1/ <5k1 _ S[Lkﬂ) 62 Zgiklll 1 %ds
0
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Making the same substitutions as were made in (1.21) and (1.22), with [Lk]
in place of k so that x = [Lk;1](1 — s), we obtain from (7.2)

(7.3)
[Lk1]—1

k1 Z 9Lkl =

=k
Y

o (lLk] " " v 1 — (1 — F)lEkl-t N
= 1— kv _ (1= [Lk1]> _2/ (L] du | d 1:>>oo
L /0 (( TV T L A B A y y | de

oo T 1—e—
I2L/ (e—%x _ G_I) e 2 = ydydx,
0

which proves (1.19). O

8. PROOF OF THEOREM 9

We begin by writing down explicitly B(s) from (1.14) in the case that
ks = [Lki] with L € (1,2]. Since L € (1,2], we have MY = k; in every
place it appears on the right hand side of (1.14). We continue to write ks
instead of [Lk;], in order to have the long calculations below take up a little

less space. We have

B(s)=(1—-5)?s"2 "3 x

ko+ki1—1 2ko—1
(8.1) k1 Z (n—2k1+1)8”+k‘1 Z (n—kQ—kl—i-l)Sn +
n=2k1 n=*ko-+k1

3ky k

k1 (k)g — ]{31) (1 — 8) (87771 + 8%2+%1> .

Differentiating and performing some algebra, we have

(8.2)  n=a

a—1 . a b b+1
TESE <a5 (a—1)s*—(b+1)s” + bs ), a <b.



30 ROSS G. PINSKY

Using (8.2), the two sums on the right hand side of (8.1) can be written as

(8.3)
ko+ki1—1

Z (n— 2k +1)s" = (1—5)2><
n=2k1

(2]?182]6171 — (2]{71 — 1)S2k1 — (k)g + k1)8k2+k171 =+ (kg + Kk — 1)8k2+k1) —
2k — 1 (241 — st

1—s
2ko—1

Z (n—ky—Fki+1)s" = (175)2X
n=ka+k1

((kz + kp)sFe Rl (kg 4 kg — 1)sR2 R 9k sRl 4 (0, — 1)s2k2> —

ko +ki —1 (Sk2+k1 _ 82/€2> )
1—s

Substituting (8.3) in (8.1), we obtain

kl ((kQ + k1)372
ki(ke + k1 —1)(1—s) (3%2#%1 3 S%kr%kl) .
ky (kg — k) (1= s) (8‘7—71 n 8%2%1) |

Collecting terms, one finds that the above calculation reduces to

(8.4) B(s) = kl(s%kl_%’” — s%’”_%kl).
From (1.13), (1.12) and (8.4), we conclude that
(8.5)
My ko 1T =
k1—1 ko—1
1Y ko | |
/ 577 (ky ke + k(R — k)(1— ) exp [ Y 5=+ ST T ) dst
2 Jo =1 -/
J j
1 ki1—1 J—l ko—1 ]_1
/ Ra(s3hm3ke g3k sk exp [ Y07 + 3 T | ds, if ke < 2K
0 J
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Consider the first term on the right hand side of (8.5) with ko = [Lk;]. By
the same substitution used in (1.21) and (1.22), with k7 in place of k so that

x =ki1(1—s), we have

(8.6)
lim / sk22k1 (k'1+k2+k1(k2—k1)(1—5))exp i + Z i - ds =
k‘14)002 0 - ,7
7=1 7j=1
1 [k T L-1
lim / (1—-) 2 M A4+L+(L-1)2)x
k‘14)002 0 kl
xl_l_gkfl Lxl_ 1_gk71
exp <_/ %dy _/ (k)dy> dr =
0 Y 0 Yy

o0 _ z 1—e" Y Lz 1—e Y
2/ (L+1+(L—-1)z) e~ tTme o T Ty gy,
0

Similarly, for the second term on the right hand side of (8.5), we have
(8.7)

1 k1—1 g — :
. 3. _1 3. _1 st —1 sl —1
lim ki(s2himake — gak2m3k) exp E + g ds =
k1—>oo 0 - )
Jj=1 j=1

/oo <€_%x C e 3L2—1x) o Oz 172—9 dye_ OLz 172—11 dydx.
0
From (8.5)-(8.7), we obtain (1.20), completing the proof of the theorem. [J
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